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Fourier Transform in communication system and Applications

T M Ehteshamul Haque

University Polytechnic, Jamia Millia Islamia, New Delhi, thaquel@jmi.ac.in

Abstract: The Fourier Transform is a tool that breaks a waveform (a function or signal) into an alternate representation,
characterized by sine and cosines. The Fourier Transform shows that any waveform can be re-written as the sum of
sinusoidal functions. Signal transmission is done through modulation. At the receiving end the transmitted signal is
demodulated the information. All these techniques are based on sinusoidal function. While modulating the information
signal a high frequency sinusoidal carrier signal is used to transmit the information signal through a medium. It then
received and demodulated using Fourier Transform analysis. In this article, we discuss amplitude modulated signals with
an example.

Keyword: Fourier Transform, Modulation, Demodulation.

1. Introduction

The present era of communication technology has provided some major catalysts in developing
the modern human society. Communication includes automatic transmission of data over wires
and radio circuits through signals. Signal is basically a means of transmitting information in
accordance with certain prearranged system or code. It includes audio, video, image etc.

As we shall also come to argue later, what we shall call the time and frequency domains
immediately relate to the ways in which the human ear and eye interpret stimuli. The ear, for
example, responds to minute variations in atmospheric pressure. These cause the ear drum to
vibrate and, the various nerves in the inner ear then convert these vibrations into what the brain
interprets as sounds. In the eye, by contrast, electromagnetic waves fall on the rods and cones in
the back of the eyeball, and are converted into what the brain interprets as colours. But there are
fundamental differences in the way in which these interpretations occur. Specifically, consider
one of the great American pastimes - watching television. The speaker in the television vibrates,
producing minute compressions and rarefactions (increases and decreases in air pressure), which
propagate across the room to the viewer’s ear. These variations impact on the ear drum as a single
continuously varying pressure. However, by the time the result is interpreted by the brain, it has
been separated into different actors’ voices, the background sounds, etc. That is, the nature of the
human ear is to take a single complex signal (the sound pressure wave), decompose it into simpler
components, and recognize the simultaneous existence of those different components. Fourier
transform is a mathematical tool that breaks a function, a signal or a waveform into an another
representation which is characterized by sin and cosines. In the theory of communication a signal
is generally a voltage and Fourier transform is essential mathematical tool which provides us an
inside view of signal and its different domain. Mathematically speaking, The Fourier transform is
a linear operator that maps a functional space to another functions space and decomposes a
function into another function of its frequency components. This is the essence of what we shall
come to view, in terms of Fourier analysis, as frequency domain analysis of a signal (see [2, 3, 4,
6,7, 9]).



2 TM EHTESHAMUL HAQUE

Modulation: In order to carry the audio signal message to large distance, it is superimposed on
high frequency carrier wave. The process is called modulation.

Two types of modulation will be reviewed in this module. Amplitude modulation consist
encoding information onto a carrier signal by varying the amplitude of the carrier. Frequency
modulation consists of encoding information onto a carrier signal by varying the frequency of the
carrier. Once a signal has been modulated, information is retrieved through a demodulation
process.

Amplitude modulation: In amplitude modulation, the amplitude of modulated wave varies in
accordance with amplitude of information wave. When amplitude of information increases, the
amplitude of modulated wave increases and vice versa. In this case the amplitude of modulated
wave is not constant, as show below:

Mo Almelle sl B oo
Fig -1
Modulation index: The modulation index of an amplitude modulated wave is defined as the ratio
of the amplitude modulating signal to the amplitude of carrier wave.
Am
ac
For modulated wave,

ie,m, =

_ Amax—Amin
Ma = ot ami
maxtAmin

Double side band:

A general sinusoidal signal can be expressed as f(t) = A(t) cosf(t), where A is amplitude. It is
convenient to write time varying angle 0(t) as w,(t) + @(t)

Therefore, the sinusoidal signal may be expressed as f(t) = A(t)cos[w.(t) + B(t)]
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i

f(f) L

W)= f()cos(at)

cos(c.1)
Amplitude modulation
Fig-2

Where A(t) is called the envelope of signal f(t), and w, is called the carrier frequency. A
mathematical representation of an amplitude modulated signal is obtained by setting = 0 in the
expression for the general sinusoidal signal, and letting the envelope A(t) be proportional to a
modulating signal f(t). What result is new signal given by

y(t) = f(t)cos(w,t).
The spectrum of the modulated signal y(t) can be found by using the modulation property of
Fourier transforms. The Fourier transform pair was defined as,

f@©) = 5-J F(w)edo,
F(&) = [ f()eIwtdt.

The Fourier transform of a signal f(t)e~/*¢ is then

FIf(®)e/@ot] = [T f(t)el@ot. eIt dt,

FIf ®e/oof] = [ f(e @ w0,
Thus, the Fourier transform of £(t)e/®°t may be expressed

F[f(t)e/®t] = F(w — wy).
The amplitude modulated signal y(t) may be written in terms of complex exponentials

Y(8) = f(cos(wct) = > f(£)[e/0f + e~Twet],
When y(t) is expressed in this form, and form the example above, it can be seen that the Fourier
transform of y(t) is given by
F[f(®)cos(w.t)] = %[F(w +w.) + Flw — w)].

Thus, the spectrum of f(t) is translated by *w,.
It is seen that the modulating process causes frequency associated with modulating signal to
disappear. Instead, a new frequency spectrum appears, consisting of two sidebands, known as the
upper sideband (USB), and the lower side band (LSB). The spectrum of the original carrier, but is
still cantered about carrier frequency w,. Thus this type of modulation is referred to as double-side
band, suppressed-carrier amplitude modulation as shown in fig 2.
If the modulating signal contains a single frequency, w,,, then wys = 0. + w,, and
Wisp = W, — Wy, (In fig.3). If modulating signal f(t) has a bandwidth of w,,,,. The upper sideband
of the spectrum of the modulated signal Y(w) will extended from w, t0 w, + wp,,. Likewise, the
lower sideband will extend from w, — wp,, to wc. Both the negative and positive frequency

components of the modulating signal f(t) appear as positive frequencies in the spectrum of the
modulated signal y(t). It is also seen that the bandwidth of f(t) is double in the spectrum of the

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 1-6
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modulated signal when this type of modulation is employed. For detail we can
see([1,5,8,10,11,12]).
wC

,T

W, — Wy, W, + w,,

LSF USF
Fig — 3 A M signal frequency Spectrum

AM DEMODULATION
An AM signal is demodulated by first mixing the modulated signal y(t) with another sinusoid of
the same carrier frequency,
y(t) cos (w,t) = f(t) cos2(w,t)
=~ (O + coswct)).

The Fourier transform of the signal is

FOy(0) cos(wet) = FGf((1 + cosact)),

F@@mm@m=§@@n+gw@H4wJ+F@+2%n}
By using a low-pass filter, the frequency components cantered at + w, can be removed to leave
only the %F(w) term. It is obvious that in order to properly recover the original signal it is
necessary that w, > wp,w.

The amplitude modulated in terms of complex exponentials carrier function w,.
The result is new signal given by
v(t) = el@ct
y(£) = X(t) v(t).
Vijw) =2n6(w — w,).

17
V(o) =5 [ XGuoV (o - aoda,

1 +o0
V(o) =5 | XG0dG@ - wo - 0)dws = X(@ - 00)
};zt) = X(t) cos(w,t) + jX(t) sin(w,t).

When u(t) = X(t) cos(w.t) and w(t) = u(t) cos(w,t), then
w(t) = X(t) cos?(wt) = X(t) mwzﬂ
V(iw)=n6(w + w,) + 16 (0w — w,).

W(jw) =Y (o + jor) +5Y (jo — jo)

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 1-6
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W(w) = %X(ja) +jw,) +%X(jw — jwe).
If we take v(t) = cos(w.t), ¥(t) = X(t) v(t)=X(t) cos(w,t),
and V(iw)=né(w + w.) + 16 (0 — w,),
then we have

Y(jw) = %X(iw +jw) + %X(iw —jw,).
Now, we state our main result.

Theorem: If F be amplitude and w be angular frequency of the periodic wave, then amplitude
modulated in terms of sine waves of progressively increasing frequencies for the basic functions
y(t) = sin(nw,.t), where n = 1,2,3, ..., is given by

fIF(@)e®t] + fIF(w)eT@%] = f(t + to) + £t — to).
Proof: First, we assume that a new signal given by

¥(t) = f(t)sin(nw,t).
Then, the spectrum of the modulated signal y(t) can be found by using the modulation property of
Fourier transforms.

The Fourier transform of a signal £ (t)e~/“* is then given by
F[f(t)ejnwot] — f_‘";o V(t)ejnwot e Jjotqt

F[f (t)e/neot] = f f(®)e /@ nwatqe

Thus, the Fourier transforms of f(t)e/"®ot and f(t)e Jnwot can be expressed as
F[f(®)e/™ot] = F(w — nwy),
F[f(®)e™/m@ot] = F(w + nwy).
The amplitude modulated signal ¥ (t) is written in terms of complex exponentials as
(©) = fsin(noc) = 5 f (et — enoet],

If y () is expressed in the above form, then it can be seen that the Fourier transform of y(t) is
given by

F[f(®sin(nwb)] = zi]_[lf'(w +nw,) — Flw — nw,)).
Now, for n = 1, we have

s 1. . g
F[f (®sin(wb)] = % [F(w+ ) — Flw - w)]

and F[f(t)cos(wb)] = %[F(a) + w.) + Flw — w)].
Also it is easy to see
fIF(w)e /%] = f(t = ty),
fIF(w)el®t] = f(t + t,),
and fIF (w)e/®%] + f[F(w)e™/@%] = f(t + to) + f(t — to),
which proves the result.

Now, we illustrate the result by the following example.
Example:

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 1-6



6 TM EHTESHAMUL HAQUE

h(t) = v(t)cos5t, wv(t) = 6cost — 2sin3t.
In above case the analytic signal is defined as follows:
h,(t) = h(t) + jh(t) = cos(w,t) + jsin(w,t) = /et
h_(t) = h(t) — jh(t) = cos(w,t) — jsin(w,t) = e It
Therefore, h(t) = (6cost — 2sin3t)cos5t.
h(t) = 3cos6t + 3cos4t — 8sin8t + sin2t.

h(t) = 3sin6t + 3sin4t + 8cos8t — cos2t
h,(t) = 3(cos6t + jsin6t) + 3(cos4t + jsin4t)
+8(—sin8t + jcos8t) + sin2t — jcos2t
Hence,
h.(t) = (6cost — 2sin3t)e’>t
h_(t) = (6cost — 2sin3t)e />,
2. CONCLUSIONS
Finally, we have the following conclusions:
1. The Fourier Transform can be used to analyse and demonstrate different modulation signal.
Such as Amplitude Modulation and Frequency modulation. Modulation techniques are made
easier with the help of Fourier Transform which transforms time domain into frequency domain.
In modulation technique the modulation theorem is of great importance in radio and television
where harmonic carrier wave is modulated by an envelope.
2. Fourier Transform plays a vital and important role. In Digital Signal Processing we often
need to look at relationships between real and imaginary parts of a complex signal. These
relationships are generally described by Hilbert transforms. Hilbert transform not only helps us to
relate the 1 and Q components but it is also used to create a special class of causal signals called
analytic which are especially important in simulation. The analytic signals help us to represent
band pass signals as complex signals which have specially attractive properties for signal
processing. Hilbert Transform has other interesting properties.
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Abstract: In this paper, we study a one step iteration scheme for two set-valued nonexpansive mappings and utilize the
same to prove weak as well as strong convergence theorems. Thus, our results generalize and improve several relevant
results contained in Abbas et al. (Appl. Math. Lett. 24 (2011), no. 2, 97-102), Khan (Bull. Belg. Math. Soc. Simon Stevin
17 (2010), 127-140), Khan (Nonlinear Anal. 8 (2005), 1295-1301), Fukhar-ud-din (J. Math. Anal. Appl. 328 (2007), 821-
829) and Izhar Uddin et al. (Mediterr. J. Math. 13 (2016), 1211-1225).

Keywords: Banach space, Fixed point, Weak-convergence and Opial’s property.

AMS Subject Classification: 54H25, 47H10.

1. Introduction

Multi-valued fixed point theory has applications in diverse domain such as: control theory,
convex optimization, differential inclusion and economics (see [1] and references cited therein).
The first existence of fixed points for multi-valued nonexpansive mappings in uniformly convex
Banach spaces was due to Lim [2] while approximating fixed points results in respect of set-
valued nonexpansive mappings due to Sastry and Babu [3] in setting of Hilbert space. Panyanak
[4], Song and Wang [5] and Shahzad and Zegeye [6] iterative processes have been used to
approximate the fixed point of nonexpansive multivalued nonexpansive mapping in Banach
spaces. The approximating of common fixed points has its own importance as it has a direct
application to optimization problem. Recently Abbas et al. [7] introduced a new one-step iteration
scheme which is relatively simpler as well as natural in computation than the earlier schemes of
Mann and Ishikawa.

In the paper of Abbas et al. [7], Izhar Uddin et al. [8] found some gapes and modified their
iteration scheme and utilized the same to prove some convergence theorems in CAT (0) space.
We also enlarge the class of all compact subsets (denoted by € (K)) of a closed convex subset K
of a Banach space X by considering the relatively larger class of all proximinal subsets (denoted
by (P(K)) of a closed convex subset K of X.

2. Preliminaries

Let X be a Banach space and K be a nonempty subset of X. Let CB(K) be the family of nonempty
closed bounded subsets of K while C(K) be the family of nonempty compact subsets of K. A
subset K of X is called proximinal if for each x € X, there exists an element k € K such that
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d(x, k) =d(x,K)=inf{l x —y ll:y € K}.
It is well known that every closed convex subset of a uniformly convex Banach space is
proximinal. In what follows, we denote by PB(K), the family of nonempty bounded proximinal
subsets of K. The Hausdorff metric H on CB(K) is defined as

H(A, B) = max{supd(x, B),supd(y,A)} for A,B € CB(K).
XEA YEB

A set-valued mapping T: K — CB(K) is said to be nonexpansive if

H(T ), T@) <lx—yl, for all x,y € K.
A point x € K is said to be a fixed point of a set-valued T if x € Tx. We employ the notation of
F(T) for the set of common fixed points of the mapping T while F(S, T) stands for common fixed
points of S and T.

A Banach space X is said to satisfy the Opial’s condition if for any sequence {x,,} in X with x,,x (
denotes weak convergence) implies that limsup || x, — x II< limsup Il x, —y || for all y € X

n—-oo n—-oo
with y # x.
The following two lemmas will be utilized to prove our results.
Lemma 2.1 [9]. Let X be a uniformly convex Banach space and 0 <p <t, <q <1 for all
positive integers n. Also, suppose that {x,,} and {y,,} are two sequences of X such that limsup ||

n—-oo

X 1< 7, limsup || y, I< rand lim || t,x, + (1 — t,)¥, lI= r hold for some r > 0. Then
n—-o

n—oo
lim 1o, =y 1= 0.
Lemma 2.2 [10] If A,B € CB(X) and a € A, then for any € > 0 there exists b € B such that
d(a,b) <H(A,B) +¢.
In this paper, we use the following iteration scheme which gives analogue of Izhar Uddin et al.
[8] in Banach spaces. Construction of iteration process runs as follows: Let K be the closed and
convex subset of a Banach space X. S,T: K — CB(K), where CB(K) is the collection of all closed
and bounded subsets of K. Now, choose x; € K. In view of Lemma 2.2, for p € F(S,T), ¥, >0
and n; > 0 there exist y, € Sx; and z, € Tx, such that
Iy —p IS H(Sx1,Sp) + 11

and
Il zy —p IS H(Txy, Tp) + 14
Write,
Xp = a1 X1 + Py + V1%
with

a+pi+y =1
Forp € F(S,T), y, > 0andn, > 0, owing to Lemma 2.2, we can choose y, € Sx, and z, € Tx,
satisfying
Il y, —p IS H(Sx,,5p) + v,

and
Il z, —p IS H(Tx3, Tp) + 1.
Define
) X3 = Xy + BoY2 + V22,
with

) ) a, + B +y, =1
Inductively, we can write

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 7-15



New One Step Iteration Schemes for two set-valued nonexpansive mappings 9

Xn41 = AnXn + BpYn + VYnZn (2.3)
where {a,,},{8.} and {y,,} are sequences in [0,1] such that a,, + B,, + y,, = 1 while y,, € Sx,, and
z, € Tx, satisfy

Il ¥ —p IS H(SXy, SP) + ¥n
and

" Zn - p "S H(Txnl Tp) + 7711
with limy,, = 0and limn,, = 0forp € F(S,T).

n—-oo

n—oo

3. Weak and strong convergence theorems

We begin with the following lemma.
Lemma 3.1 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S,T:K — CB(K) be two set-valued nonexpansive mappings with F(S,T) # @ such that
Sp={p}=Tp for all peF(ST). If the sequence {x,} is described by (2.3), then
7lli_r)r.}od(xn, Sx,)=0= Aiirgod(xn, Txy).
Proof. Let p € F(S,T). Consider,
| Xpr =0 Il =l anXny + Bayn + ¥nzn —p

=l an(xn = D) + B =) + ¥n(zn — ) |l

S ap ll Xp = p I +BnH(SXy, Sp) + ¥ H(T Xy, Tp)

Sapllx, —pl+Bpllxy—pl+y lxy—pl=lx, —pl, 3.1
which amounts to say that for each p € F(S,T), sequence Il x,, — p |l is a decreasing sequence of
reals so that 71151;0 Il x, —p Il exists. We suppose that rlll—>nolo Il x, —p I= c for some ¢ = 0. Now,

consider
I Xper =0 I =l @pxy + ﬁnyn +VnzZn—p |l
=Nl an(xy — D) + Bn(Yn — D) + ¥n(2n — D) |l
=1l @y (= )+ (1= @) 22 (0 = P) + 12 (20— P} |

1-an

so that

lim | a,(x, —p) + (1 = an) {1_’;—" O =) + 2
n—oo an

1-ay

(@0 =} 1= lim I xy0 —plI=c. (3:2)

On the other hand, for each p € F(S,T) we have
lyn—p Il < H(SXSp) + ¥
Shxy, —p Il +y,
which on taking limsup yields that

n—oo

limsup Il y,, — p IL .

n-oo

Similarly, one can infer
limsup Il z, —p IS c.

n—-oo

Next consider,

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 7-15



10 MOHAMMAD IMDAD, METIN BASARIR AND IZHAR UDDIN

Bn

L)+ Lz —p) I <

— yn —
1-apn 1-an T l-apn Iy =2l + 1-an hzn =
B
= =d(On, Sp) + 172 (2, TP)
B
< oo H(S%y, Sp) + 1?;,1 H(Txy, Tp)
Bn Yn
< Ty lx, —pI +1_an lx, —p
= e —p U=l X, = p
which on letting n — oo, reduces to
: Bn Yn
limsup I| 7=~ On = p) + -G —p) I c.

In view of Lemma 2.1, Equation 3.2 and Equation 3.3, we have

lim | (5 = P) = 22 O = P) + 122 (2 =) 1= 0.
or
lim == 1 (1= @) G = P) = BaOn = P) + Yulza =) 1=0,
or
lim == 1% = P = (@ + Budi + V) + (@ + B+ ¥)p 1= 0
or

1

lim

X, — X =0
n-o l1—an " n n+l ”

yielding thereby

lim || x,, — x4, 1= 0.
- . n-oo

Similarly, we can also show that
lim 1|y, = Xpaq 1= 0
n—-oo

and
lim || z, — x,4, 1= 0.
n—-oo

(3.3)

Owing to the facts Il x, — z, I<I X, — Xpyq |+ Xpaq — 2 I @Nd 1 X, — 3 I<I X — X1 |l

+Il X410 — Y I, We have
lim || x, —z, I=0
n—-oo

and
lim || x, — y, I=0.
n—oo

As d(xp, Sxy) <l xp, — v I, d(xn, Txy) <l x, — z, Il, on taking limit of both the sides, we get

limd(x,, Sx,) = 0 = lim d(x,, Tx,). This concludes the proof.
n—oo n—-oo

Theorem 3.2 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
which satisfies Opial’s condition S, T: K — C(K) be two set-valued nonexpansive mappings such
that F(S,T) # @ with Sp = {p} = Tp for all p € F(S,T). If sequence {x,} is described by (2.3),

then {x,,} converges weakly to a common fixed point of S and T.

Proof. From Lemma 3.1, we have lim || x,, — p Il exists for each p € F so that the sequence {x,,}
n—-oo
is bounded and limd(x,, Tx,) = 0 = limd(x,, Sx,,). As, X is uniformly convex, there exist a
n—-oo n—oo
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subsequence x,, of x, such that x,, q for some g € K. Now, we show that q € F(S,T). Suppose

q does not belong to Tq. By the compactness of Tq, for any given x,, , there is y; € Tq such that
Il Xy, = Yic 1= d (3., TQ).

Again, owing to compactness of Tq there exists subsequence z, of y, such that z, — z for some

z € Tq. Now, we show that z = q. If z # ¢, then we have
limsup | x,, —2z I < limsup{ll x,, — z, Il +1l z; — z I} < limsup || x,, — 2 |l

n—-oo n—oo n—-oo

= limsupd (x,,, Tq)
n—oo
< limsup{d (xy,, Txp,) + H(Txy,, Tq)}

n-oo

< limsupH (Txy,, Tq) < limsup |l x,, —q |l

n-oo n-oo

<limsup | x,, —z |l

n-oo

which is a contradiction so that z = g € Tq. Similarly, one can show that g € Sq.
Now, we prove that {x,} has unique weak subsequential limit in F (S, T). To show this, Let {x,}
and {xnj} be subsequences of {x,} such that x, z, and Xn;Z2: If z; # z,, then owing to Opial’s
condition

lim | x, —zy I =lim || %, — 2 |l

n—-oo 1>

<lim [l x,. — 2z, |l
i—o0 i

=lim [l x, — 2, Il

n—oo
=lim | x,, — 2z, |l
jooo J
< lim || x,,, =z |l
jooo J
=lim |l x, —z Il
. - - . n-oo . -
which is a contradiction and hence {x,,} converges weakly to a common fixed point of S and T.

Theorem 3.3 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S,T:K — CB(K) be two set-valued nonexpansive mappings such that F(S,T) = @ with
Sp ={p}=Tp forall p € F(S,T). If sequence {x,} is described by (2.3), then {x,,} converges to
a common fixed point of S and T if and only if liminfd (x,,, F(S,T)) = 0.

n—-o
Proof. It is very easy to see that if x, converges to a point x € F(S,T), then
liminfd (x,, F(S,T)) = 0.
n—-o
To establish the converse part, suppose that liminfd(x,, F(S,T)) = 0. By Equation (3.1),

n—-oo

for any p € F(S,T) we have

I Xper =2 I, — D
so that

d(xn+1' F(S, T)) < d(xn,F(S, T))'
ensuring the existence of limd(x,, F(S,T)). As, liminfd(x,,F(S,T)) =0 so that
n—oo n—-oo

lim d(x,, F(S,T)) = 0.
n—-oo

Now, we show that {x,} is a Cauchy sequence in K. Let ¢ >0 be arbitrarily chosen. Since
liminfd (x,, F(S,T)) = 0, there exists n, such that for all n > n,, we have
n—oo

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 7-15
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d(xn, F(S,T)) < 3.
In particular,
inffll xn, —p I:p €F(S,T)} <5,
so there must exist ap € F(S, T) such that
I Xy = 1<~
Now for m,n = n,, we have
| Xpam — Xp IS Xy =P I+l X, =P I< 21| Xnyg — P 1< 2% =¢.
Hence {x,} is a Cauchy sequence in a closed subset K of a Banach space X and therefore it must
converge in K. Let Hnnlioﬂlfxn =q.
Now
d(q,Tq) =<l q—x, | +d(x,, Tx,) + H(Tx,,Tq)
<l g—xp Il +1l X — 2y | +1l X, — g > Oasn - o
and hence g € Tq. Similarly, we can also show that q € Sq. For if,
d(q,Sq) <Ilq—x, Il +d(x,, Sx;,) + H(Sx,,59)
Shg—xp I+l Xy — 2z, | +ll X, — g I - Oasn — o
which implies that g € Sq and hence q € F(S,T).
Khan and Fukhar-ud-din [12] introduced the analogue of condition (A) for two mappings and
gave an improved version in [13]. A set-valued version of condition (A) which is weaker than
compactness of the domain,is given as follows. Two set-valued nonexpansive mappings S, T: K —
CB(K) are said to satisfy condition (A) if there exists a nondecreasing function f:[0, ) —
[0,00) with f(0) =0, f(r) > 0 for all r € (0,0) such that either d(x,Tx) = f(d(x,F)) or
d(x,5x) = f(d(x,F)) forall x € K.
Now, we prove strong convergence theorem by using Condition (A) which extend the Theorem 2
of [5] and Theorem 3.3(b) of [11].
Theorem 3.4 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S, T: K - CB(K) be two set-valued nonexpansive mappings which satisfy condition (A) with
F(S,T) # @. If sequence {x,} is described by (2.3), the {x,,} converges strongly to a common
fixed point of S and T.
Proof. As in Theorem 3.3 %i_)n.}od(xn, F(S,T)) exists. Now, owing to condition (A), either

lim f(d(x,, F(S,T))) < limd(x,, Tx,) =0
or o e

ILngof(d(xn,F(S, T))) < an;od(xn,an) =0,
which amounts to say tha;l lim f(d(x,, F(S,T))) :nO. Since f is a nondecreasing function and
f(0) =0, %ijrgod(xn,F(S, T)TS_);o 0. Now, in view of Theorem 3.3, result follows.

4. convergence theorems without end point condition

With view to remove end point condition, we introduced the following iteration schemes.

Let K be the closed and convex subset of a Banach space X. S,T: K — P(K), where P(K) is the
collection of proximinal subsets of K. Here it can be pointed out that we consider the collection of
all proximinal subsets of Banach space X which properly contains the collection of all compact
subsets of X.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 7-15
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Choose x; € K. As Sx; and Tx, are the proximinal subsets of K, we can choose points y; € Sx;
and z; € Tx,; such that d(p,y;) = d(p,Sx;) and d(p,z,;) < d(p,Tx,) for any p € F(S,T): =
F(S) n F(T).
Next, defined x, as follows:

Xy = 1% + By + 112
where a4, 8; and y, liesin (0,1) suchthat a; + B, +y; = 1.

Due to proximinliaty of Sx, and Tx,, again we can choose points y, € Sx, and z, € Tx, such
that d(p,y,) = d(p, Sx,) and d(p, z,) = d(p, Tx,) enabling us to define x; as

X3 = Xy + BoYa + V222,
where a;, 8; and y, liesin (0,1) such that a, + 8, +y, = 1.

Recursively, we define x,,,, as:
Xn+1 = AnXp + Bn¥n + Vnzn(4.1)
where y, and z, are sequences of Sx,, and Tx, such that d(p,y,) = d(p,Sx,) and d(p, z,) =
d(p,Tx,) for p e F(5,T) =:F(S) n F(T) and {a,},{B.} and {y,,} are sequences in (0,1) such
thata, + B, + v = 1.
The following lemma is very important to prove our main results.
We begin with the following lemma.
Lemma 4.1 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S,T:K — P(K) be two set-valued nonexpansive mappings with F(S,T) # @. If sequence
{x,} is described by (4.1), then we have Ailrgod(xn,an) =0= rlli_r)god(xn, Tx,,).
Proof. Let p € F(S,T) and consider,
I Xper =0 I =l @pxy + ﬁnyn + ¥z —p Il
=l an(xy —0) + B — ) + ¥a(zn — ) |l
Sapllxy—pl+Bpllyn—Dl+y iz, —pl
=an Xy, —p | +B,d(p, Sxy) + vnd (P, Txy)
S an l Xy = p Il +BH(Sp, Sxn) + Yo H(Tp, Txy)
Sapllxy—pl+Bpllxy=pl+vall Xy —pl=llx, —pll, (41)

which amounts to say that for each p € F(S,T), sequence Il x,, — p |l is a decreasing sequence of
reals so that lim || x,, — p Il exists. We suppose that lim || x,, — p II= ¢ for some ¢ = 0. Now,
n—oo n—-oo
consider
I Xpsr =0 I =l @uxy + BpYn + VnzZn —p |l
=l an(xp =) + BV — D) + ¥u(2n — ) |l

=1l @y (n =) + (1= @) 0 = p) + 722 (20 =P}

1-ay

so that
lim 1l @t =) + (1= @) 0 = P) +
On the other hand, for each p € F(S,T) we have

Iy, —pll=d(p, Sx,) < H(Sp,Sx,) <llx, —p |l
which on making n — oo yields that

Yn
1-ap

(Zn =P} 1= lim 1l xp4q = p 1= . (42)

lim |y, —pl<c.
- - - n-—oo
Similarly, one can infer
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lim |z, —p lI<c.
n—oo

Rest of proof is followed by Lemma 3.1.
Now, we prove the following weak convergence theorem:
Theorem 4.2 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
which satisfies Opial’s condition and S, T: K — P(K) be two set-valued nonexpansive mappings
with F(S,T) # @. If sequence {x,} is described by (4.1), then {x,} converges weakly to a
common fixed point of S and T.
Proof. In view of Lemma 4.1, we observe that the sequence {x,} is a bounded sequence. As X is
uniformly convex, there exists a subsequence {x,, } of {x,} such that x,, converges weakly to w
for some w € K. Now, we claim that w € Sw. As, Sw is proximinal subset of K, for each x,, in
K there exists yj, in Sw such that
dnge Yie) = Ay, SW).

Let {z,} be the subsequence of y, such that z, — z. Obviously, z € Sw. Now, we claim that
z = w. Let on contrary that z # w, then

limsup Il x,,, —z I < limsup{ll x,, — 2 Il +1l z —z I} < limsup |l x,,, — z

n—-oo n—oo n—-o

= limsup || x,, —Sw |

n-oo

< limsup{ll x,, — Sxp, II +H(Sxy,, SW)}

n—-o
< limsupH (Sxy,, Sw) < limsup Il x,, —w |

n—oo n—-oo

<limsup [l x,, —z |

n—oo

which is a contradiction so that z = w € Sw. Similarly, we can show that w € Tw. Rest of the
proof will follow on the line of the Theorem 3.2.
Now, we prove the following strong convergence theorem:

Theorem 4.3 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S,T:K - P(K) be two set-valued nonexpansive mappings with F(S,T) # @. If sequence
{x,} is described by (4.1), then {x,,} converges to a common fixed point of S and T if and only if
lirmglfd(xn, F(S,T)) =0.

Proof. Proof of the theorem is line by line same as of Theorem 3.3.

Now, we prove strong convergence theorem by using Condition (A) which extend the Theorem 2
of [5] and Theorem 3.3(b) of [11].

Theorem 4.4 Let K be a nonempty closed convex subset of a uniformly convex Banach space X
and S,T: K — P(K) be two set-valued nonexpansive mappings which satisfy condition (A) with
F(S,T) # @. If sequence {x,} is described by (4.1), the {x,,} converges to a common fixed point
of Sand T.

Proof. Proof is same as Theorem 3.4.
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Abstract

In this note, we prove the Voronovskaja type results for Szasz and Kantorovich Szasz-type operators including Sheffer
polynomials.
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1.  Introduction

For two times differentiable functions, Voronovaskaja [8] was the first to prove a theorem for
Bernstein Polynomials known as Voronovskaja type theorem. Later on, similar studies were
carried out by Butzar and Nessel [2], Rempulska and Skorupka [5] for some other operators.First,
we recall n** Bernstein operators due to S. N. Bernstein [1] as follows:

Ba(f5%) = Ziteo Pricf (5)

where p, . (x) = ()x¥(1 —x)"*, f € C[0,1] and 0 < x < 1. The purpose of this probabilistic
method was to prove Weierstass approximation theorem more elegantly. In 1950, Szasz [6]
generalized this operator for unbounded interval on the space of continuous functions defined on
[0, o) as

k
Salfix) = e B, B f (%), vx € [0,00),

where f is a continuous function on [0, ) and n € N.
A new type of generalization of Szasz-Mirakjan operators which involves Appell

polynomials was given by Jakimovski and Leviation [4] as follows:

e~ nXx

Pu(f3%) = S T P01 (2)
In above relation p,, are Appell polynomials defined by the generating functions

Aw)e™ = Lo pi ()uk,
where A(z) = X5, axz®(ap = 0) is an analytic function in the disc |z] < R(R > 1) and
A(z) # 0.
A more generalized form of Szasz operators including Sheffer polynomials was given by
Ismail [3]
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¢~MEH(D)

Ta(fi %) = s Lo PO ). (1)
In above relation p,, are Sheffer polynomials given by the generating functions
AW)e ™™ = T2 p()u*(2)

Az) = Lieo a2 (ao #0)

H(z) = %o hiz*  (hy # 0) (3)
be analytic functions in the disc |z| < R(R > 1). Under the following restrictions:
(i) Forx € [0,c0) and k e NU 0, pi(x) = 0,
(i) A(1) # 0 and H'(1) = 1,
(iii) relation (2) is valid for |u| < R and the power series given by (3) converges for |z| <R,
R>1.
Moreover, Ismail introduced the Kantorovich form of the operator (1) as

where

+1

R0 = n T ) [ f(5)ds )

Recently, Sezgin Sucu and Ertan Ibikli [7] proved results on rate of convergence using modulus
of continuity for (1) and (2). Motivated by the above development, we have used T,, and T, to
prove the Vorovovskaja type theorems in the present paper.

2. Some properties of the operator T,,
We recall following lemmas due to Sezgin at al. [7]:

Lemma2.1. Lete; = t!, i =0,1,2, x € [0,), we have
(1) Tu(ep;x) =1,

(i) T,(eyx) = x + 22

na(1y
241(1) " x  Ar()+A" (1)
(l”) T(eZIx)_x +(A(1) +H (1)+1)Z+T(1)
Lemma2.2. Let pi(t) = (t —x)',i=0,1,2,forx > 0andn € N we have
) T@R()x) =1,

(i) Tu@H®s0) =%
(i) Tu(2(e);x) = () 4 20
Next we prove
Lemma 2.3. For x > 0, we have
() T,(es;x) =x3+ (3 + 34'1) + 3H”(1)>x—2
ni=s A(D) n

2+ 34"(1) 4 6A4'(1) + 3A'(DH"(1)
A(1) A(1) A(1)
24r(1)+34" (1)+4"" (1)
n3A(1) ’

FH"(1) + H”’(l)) %

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 16-20



18 NADEEM RAO AND ABDUL WAFI

T, =x*+(6 + A +6H"(1 < + (11 + 64"(1) + 1841 +18H"(1
(ll) (64' x) x ( A(l) ( )) n ( A(l) A(l) ( )
9A (l)H”( ) " 2
T 3(H" (1))
" 4Armi(1) | 18An(1) | 22A1(1) | 6An(1)Hin(1) | 18Ar(1)Hri(1)
+4H (1)) + (6 + a0 A1) A(1) A(1) A(1)
4AI(1)HIH(1) . . . 6A1(1)+11Ar1(1)+Ar11(1)
i FOH" () + 1) + (1) 5 A '
Proof. From the generating functions of Sheffer polynomials, we obtain
it K3Pe(nx) = [(24'(1) + 34" (1) + A”' (1)) +nx(34" (1) + 64'(1) + 34'(DH" (1) +

3ACDH" (1) + 24(1) + A H" (1)) + n22x2(34(1) + 34'(1) + 3A(1)H" (1)) +

n3x3A(1)]e"xH(1),
Yo K*Pe(nx) = [(6A4"(1) + 114" (1) + 64" (1) + A""(1)) + nx(44"'(1) + 184" (1) +
224'(1) + 64" (D)H" (1) + 184'(L)H"'(1) + 44'()H" (1) + 6A(D)H" (1) + 11A(L)H" (1)

+6A(1) + A(DH"") + n?x2(11A(1) + 184'(1) + 18A(1)H"' (1) + 64" (1) + 9A'(1)H"' (1)
+3A(D)(H" (1)) + 4A(1H""(1)) + n3x3(6A4(1) + 4A'(1) + 6A(1)H" (1))
+n*x*A(1)]e"xH(1).
The proof of lemma is obvious using these relation.
Lemma 2.4. The operator (1) satisfies the following relation:
T, (Wi (t); x) = (3+ 14H"(1) + w +3(H")? + 4H”(1)) « +(6+ 64"
e A(D) A(D)
144'(1) N 6A"(DHH" (1)
A(1) A(D)
184" (WH"'(1) |, 44" WH" (1) | 64" WDH" () " "
20 2D AT 6H'"'(1) + 11H" (1)
. x  6A'(1)+114"(1H)+A""(1D)
+H (1))n3+ A
Proof. Proof of this relation can be obtained using lemma 2.1 and linearity property of the

operators
T,((t — x)*; x) = T, (t*; x) — 4xT,(t3; x) + 6x2T,(t%; x) — 4x3T, (t; x) + T,,(1; x).
Lemma 2.5. Let x, € [0, o) be a fixed point and g(¢; x,) € C[0, ), such that
lim g(t; xy) = 0. ®)
t-Xxo
Then
Jim T, (g (t; %0); 0) = 0.
—Xg
Proof. Let € > 0. Then from (5) and properties of g(t;x,), there exists a positive number

6 = §(¢) such that
lg(t; xo)| < & whenever |t —x| <& and |g(t; xo)| < MVt € [0,00) and n € N, we

have
Z‘.k 0 pk(nx)lg(t Xo) |

ITa(9 (6 %)) %ol < s
ST s PLG(E 30)

eNXH(1)
Wzl —xyj<s Pe(m)]g(E; x0)| +— T
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e, M eM*H()
-2 52 A(l) Ek 0 ( xo)zpk(n‘x)
e Ar(1)+Arn(1)

=+ ((H”(l) + Dx+ A )-

For the fixed positive number ¢, §, M and x, > 0 there exists a natural number n,, we have

— ((H”(l) + 1) + Al(D)+4 (1))

nA(1) <

&
> n=n,,

and the result follows.

3. The Voronovskaya type theorem for T,,
Theorem 3.1. Let f € C2[0, ). Then we have

lim n(T, (5 ) = F(0) = 42 /G + (H" (1) + D2, wx € [0,e0).
n—-oo
Proof. Let x, € [0,0) be a fixed point. Then for f € C2[0,0) and t e [0,00) we have by

Taylor’s formula

f@®) = f(xo) + f'(x0)(t — x0) + %f”(xo)(t = %)% + @t x0) (t — x,)?
where ¢ (t; x,) € C[0, ) and tlimg(t; Xo) = 0. Now, applying the operator on both the side and
—Xg

in the light of linearity property, we have

1
To(f5%) = £ (x0)Tn(1; %0) + f'(x0) T ((t — x0); %o) + zf"(xo)Tn((t = %)% %)

+ T (@ (t; %) (t = X0)%; Xo)-
Substract f(x,) and then on multiplying by n both side, we obtain

T (f; %0) — f(x0)} = f'(xo)nT, ((t — X0); Xo) + ! (2 %) nT, ((t — %0)%; Xo)

+nT, (@(t; x) (t — x)%; Xo).

limn(T,(f;2) = F(0} = 55 F/(0) + (H" (1) + Dx T2
+limnT, (¢ (t; x,) (t — x)? ,xo).
Using Holder’s inequality. The last term can l;lgogoiven by
nT (@t X0)(t — %)% %0) < n2T ((t — ) x0) T (@ (85 X0)?; X0).
Let n(t;x0) = @2(t; xo). Then limn(t; x,) = limp?(t; x,) = 0 as n — oo, By using lemma 2.5
and

We have

34'(DH" (1)

A + 3(H"(1)?) + 4H"(1))x?,

lim n2T, (Yi(t);x) = (3 + 14H"(1) +
n—-oo
we get
lim nT, (@(t; x0) (t — %)% x0) = 0,
n—-oo
which proves the theorem 3.1 .
4. Voronovskaya type theorem for T;,
The Voronovskaja type theorem for Kantorovich-Szasz type operators including

Sheffer polynomials is given by
Theorem 4.4. Let f € C2[0, ), x > 0. Then we have
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Wmn (T (50 = f00} = G+ 500 () + (H" (1) + Dx 2

Proof. Proof of this theorem is similar as theorem 3.1.
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Fixed point theorems using Rational inequalities and Expansive
Mapping in Multiplicative Metric Space

Nisha Sharma and Arti Saxena
Manav Rachna International Institute of Research and Studies, Faridabad- Haryana

Abstract: The purpose of this paper is to establish some fixed point theorems for expansive mappings in Multiplicative
metric space. In process some results are extended using rational inequalities.
Key words: multiplicative metric space, compatible mapping of various types, expansive mappings.

1. Introduction and Preliminaries

Fixed point theorems in metric spaces have significant applications. The betterment has been
enormous since few decades. A new kind of space, called Multiplicative metric space was first
introduced by Bashirov [1] in 2008 in which the ideal idea was that the general triangular
inequality was interchanged by a ‘multiplicative triangle inequality’.

In 1984, Wang et al. [7] published some interesting work on expansive mapping in metric spaces
which correspond to some contractive mapping [11]. In 2009, Ahmed [12] established a common
fixed point theorem for expansive mappings by using the concept of compatibility of type (A) in
2-metric space, the proved theorem by ahmed was the generalization of the result of Kang et al.
[13] for expansive mappins also Daffer and Kaneko [10] used two self mappings to generalize the
result of Wang et al. [7] in a complete metric space.

Definition 1.1. Let X be a nonempty set. A multiplicative metric is a mapping

Q: X x X — R, satisfying the following conditions:

i)  Q(x,y)=21Vx,yeX and Q(x,y)=1iff x=y;

(i) QX y)=Q(y,X) VX, yeX;

(i)  Q(X,y) <Q(x,2).Q(z,y) VX, y e X (multiplicative triangle inequality).

Then mapping (2 together with X , i.e. (X, Q) is a multiplicative metric space. Some important

topological properties of the relevant multiplicative metric space have discussed by Ozavsar and
Cevikel [5].

Example 1.2. ([9]) Let Q:RxR —>[[1,oo) be defined as (X, y) = a‘xfy‘, where X,y e R

and a>1. Then 2 is a multiplicative metric and (R,€2) is a multiplicative metric space. We
may call it usual multiplicative metric spaces.
Example 1.3. ([9]) Let (X, d) be a metric space. Define a mapping 2, on X by
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Q. (x,y)=a""Y = 1 ifx=y,

a ifxzy.

where X,y € X and @ >1. Then Q, is a multiplicative metric and (X,€2,) is known as the

discrete multiplicative metric space.

Ozavsar and Cevikel [5], introduced Banach contraction principle for multiplicative metric space
based on the definition of multiplicative contraction. Using the concept of multiplicative
contraction, following fixed point theorem on complete multiplicative metric has proved.
Theorem 1.4. Let f be a multiplicative contraction mapping of a complete multiplicative metric

space (X, Q) into itself. Then f has a unique fixed point.

Some fixed point theorems for expansion mappings have discussed by Wang et al. [7] and in
Rhoades [8] , which corresponds to some contractive mappings in metric spaces.

Definition 1.5. Let f be a self map in multiplicative metric space (X, €2) . Then f is said to be
(1) multiplicative contraction if 3 a real constant g € [0,1) such that

QUrM<Q (%Y) Vayex
(2) expansive mapping if 3 a real constant g > 1 such that
QUx = Q" (xy) Vxyex
Kang et al. [6] discussed the notion of compatible mappings and its variants as follows:
Definition 1.6. Let fand 9 be two mappings of a multiplicative metric space (X, Q) into itself.
Then fand 9 are called
1) Compatible if
limQ(f9x , 9fx ) =1,

n—oo

where {X_ }is a sequence in X such that
lim fx, =lim9x, =t for some t € X.

nN—w n—oo

where {X, } is asequence in X such that

lim fx, =lim9x, =t forsome te X .

@) Compatible of type (B) if
limQ(f 9x_, 99x.) <[lIMQ(F 9., ft).lim Q(ft, ffx )]'2

and
lim Q9 fx,, fix ) < [lim Q3 fx_, 9t).lim Q(St, 89, )2,

where {X } isasequence in X suchthat lim fx, =limgx, =t forsome te X.

n—w n—oo

3) Compatible of type (C) if

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 21-29



Fixed point theorems using Rational inequalities and Expansive Mapping in Multiplicative Metric Space 23

limQ(f 9x,,99x.) s[nm Q(f 9x,, ft).limQ( ft, ffx,).lim Q(ft,l%lxn)}%

and

lim(91x,, ffx,) < [1mQ(Sfxn,3t).Li£pOQ(9t,93xn).!]iL?OQ(9t, ffxn)]}%
where {X } isasequence in X suchthat lim fx, =lim9x =t forsome t € X.
(4) Compatible of type (P) if Mw n%w

!EDO Q(ffx,, 39x,) =1,
where {X, } is asequence in X such that LI_TO fx, = rIll_r)rg0 9x, =t forsome t € X.

Next is a result which is useful for our main results.
Proposition 1.7. Let f and ¢ be compatible mappings of a multiplicative metric space (X,<Q)

into itself. Suppose that lim fx =lim$x =t for some teX. then lim3fx = ft if f is

n—oo nN—oo n—oo

continuous at t.

2. Main Results
Theorem 2.1.[8] Let f be a mapping of a multiplicative metric space (X,€2) into itself. Then f is

said to be multiplicative contraction if 3 a real constant g € (0,1] such that

Q(fx, fy) <Q(x,y) Vx,yeX.
Now we establish Theorem 2.1 in multiplicative metric spaces using rational inequality as follows
Theorem 2.2, Let f and 9 be compatible mappings of a complete multiplicative metric space into
itself satisfying the condition
1
2 xfN+2Fx9Y)] Taa
D(fx,9x)2(fy, 9x)02(fx,9y). [—n(ﬁx,ﬁy)+n(fy,19x) .

[ 20(fy,9x) ] [Q(fx,ﬁx)+n(fx,19y)
2(fy,9y)+2@x,9y)] " Lo(@x,9y)+2(fy,9x)

> N(9x,9y)

1)

V X,y € X, where q>1 and assume that $(X) < f (X) and fis continuous. Then f and 9
have a unique common fixed point.

Proof. Let X, € X. Since $(X)c f(X), 3 X € X such that fx, = Ix,. In general, 3

X,,, € X such that
yn = an+l =

From (2.1), consider
Qn) Yns1) = 2%, 92 41)

9X

n
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[ﬂ(fxnrfxn+1)+ﬂ(fxnr19xn+1)
0%, 9%n4+1)+2(f xn41.9%0)] "

IA

20(fxn+1.9%n) ] [ Q(fxn,9xn) +02(f Xn,9Xn+1)
2(fxn41,9%n41)+2Oxn,9xn11)] " L2@xpn,9xn11) +Q(Fxn41.9%0)

1
l Q(f Xy 9%) 2 (f Xy 41, 9% ) 2(f Xy OX11)- 44

ﬂ(ﬁxn 19%0) +2 0 xn—1,9%n+1)
n(19xn_1,19xn+1)+n(19xn,19xn)
20(0xn,92n) ] [-Q(ﬁxn—1rﬁxn)+ﬂ(l9xn—1rl9xn+1)
IxXn41) 0Ox0,9%n+1)+ 2%, 9%y)

l D% _1,9%,) 0%y, 9%,) (O Xy 1, VX 41)- <q

DOxn,9%n+1)+2 0%y,

1
Q(yn—lﬂ yn)ﬂ(ynt yn)ﬂ(yn—lﬂ yn+1)- +d
[Q(Yn—1rYn)+Q(J7n—1r3’n+1)
QnYn+1)+2Ynyn)
[ 20(Ynyn) ] [ﬂ (Yn-1Yn)+2(Yn-1.Yn+1)
2Ynyn+1)+2Onyns)l’ QU Yn+1)+2Wnyn)

1
= [!24(3711—1: .'Yn)]‘*q1
Q9% 9%y 4q) = ﬂﬁ(yn_l.yn)l

QW Yn+1) < [QWn-1,y)]0 ]
= 0MU(fxp fXpe1) < MU (9xp, 9%y 41) < QY (fxy_q, fxn)

= 0V (32, Yn1)
In general, we have

QY Yrt) < (¥, 1)
where K =%<1or q>1

Now for m,n € N with n < m, consider
Q(yn’ ym) < Q(yn1 yn+1)'Q(yn+l1 yn+2)"' Q(ym—l’ ym)

kn kn+1 km—l
<Q° (Yo )20 (Yo, Y1) Q7 (Yo )
kn
< QY (Yo, Y1)
which approaches to 1 as n—oo. It follows that the sequence {yn} is a multiplicative Cauchy
sequence. Since (X, Q) is complete, we have
lim fx, =lim9x, =z.
n—oo n—oo

Since f and % are compatible and f is continuous, by Proposition 1.7,
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lim ffx, =lim f 3 =lim3fx, = fz.

n—oo n—oo n—oo
Consider
1
Qffx0, 9fx)0(f 2, 9f x,)Q(f f X, 92). +a
[ﬂ(ffxn,f2)+ﬂ(ffxnn92)
Nfx,,92) < 0@fxn92)+0(fz,9fxn)]”
[ 20(fz,9f xn) ] ) [ﬂ(ffxnrﬁfxn)+ﬂ(ffxna92)
2(fz,92)+2 I fxn,9z) RO fxn,92)+2(f2,9f xn)
Letting N — oo, we get
lim3fx, =9z = fz.
nN—oo

Now it is to show that z is a fixed point of f and 9. Again consideringg
1

N(f2,92)0(f x,,92)2(f z,9%,,). g
[ﬂ(fZ,fxn)+.Q(fZ,19xn)
N9z,9x)+02(Fxn92)1"
[ 20(fxn,92) ] [ 2(fz,92)+0(fz,9xy)
Q(fxp,9x0)+02(92,9xp)1 " Lo (02,9x0)+02(fx,92)
Letting n approaches to infinity using the fact that fz = 9z, we have

1
N(92,92)0(z,92)0(9z,2). Ta
[n(ﬁz,z)+n(192,z)
0(9z,2)+02(z,92)1"
[ 20(z,9z) ] [n(ﬁz,ﬁz)ﬂl(ﬁz,z)
02(z,2)+0z.2)] " | 2(9z,2)+02(2,9z2)
1
NWz,2) < [2(z,92)0(9z,2).]*
which implies that fZ = 9z = z, since g >1. And hence z is a fixed point of f and 9.
Uniqueness
Let z and w be the two distinct fixed points then we have,

0N9z,9x,) <

N9z,z) <

2(fz.fw)+2(fz,9w)
Q(fz,92)2(fw,92)2(fz, Iw). I:—ﬂ(gj,g‘\://)+ﬂ(i\zﬂ,1:;)

[ 20(fw,9z) ] [n(fz,ﬁz)+n(fz,z9w)
2(fw, W) +2@0z,9w)] " La(9z,9w)+2(fw,92)

1
2(zw)+2(zw)] aq
N(z,2)0(w, 2)2(z,w). [—.Q(Z,w)+.(2(w,z)]' o,
[ 20(w,2) ] [.Q(z,z)+.()(z,w) = (z,w)
oww)+2zw)l Le@Ew)+ow.z)
1

[‘Q(WIZ)'Q(Zl W)]E > .Q(Z, W)

] ‘ > 0N(9z,9w)

Next we prove a common fixed point theorem for compatible mappings of type (B) as follows:

Theorem 2.3. Let f and & be compatible mappings of type (B) of a complete multiplicative
metric space into itself satisfying the condition (1) and assume that $(X) < f(X) and fis

continuous. Then f and & have a unique common fixed point.
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Proof. From the proof of Theorem 2.2, {&9x.} is a multiplicative Cauchy sequence. Since
(X, Q) is complete, there exists a point z € X such that

lim fx, = lim 9x, =z,

nN—oo nN—oo

Since f is continuous, we have
lim ffx, = lim f 9x, = fz.

n—ow n—oo

Since f and Yare compatible of type (B), so
limQ(f 9x,, 99x,) < [nm Q(f 9x,, f2).limQ( fz, ffxn)}% .
Letting N — oo, we have Hm n%w nﬁw
LmQ(fz,ngn) <[Q(fz, fz).Q(fz, fz)]%

which implies that,
lim39x, = fz.

n—o0

Consider

1
D(fIxy, 99x,)2(f 2y, 99%,)Q(f 9%, Of X1,)- 4q
[!2(fﬂxn,ffxn)+ﬂ(f19xnn9fxn)
Q(f 9%, fxn) +Q(f foxnD0xn)] "
[ 20(f fxn,99xy) ] ) [.Q(fﬂxn,ﬂﬁxn)+n(f19xn,19fxn)
Q(f fxn, O fan) +2(99xn,9 fxn) Q(f fxn O fxn)+Q(f fxn99xn)
Taking limiting value of n approaching to infinity, we have

I fz, [z f)Of2 0fx). T

N9x,,9fx,) <

Q(fZ f2)+02(fz,9fxn)
.(2(192 9fxn)+0(fz,fz)1"
20(fz.fz) ] [fl(fZ:fZ)+ﬂ(fZﬂ9fxn)
N(fz,9fxn)+02(fz,9fxn)

2(fzIfxn)+0(fz,f2)

which implies that

lim99x, =lim3fx, = fz

n—oo n—oo

Again consider

1
Q(f [, f x)Q(f 2, 9f x)QA(f [ x, 92). T4
[ﬂ(ffxnrfz)+ﬂ(ffxnﬂ92)
NWOfxn92)+02(fz,9fxn)l"
[ 20(fz,9fxn) ] [n(ffxn,ﬁfxn)+ﬂ(ffxn,192)
0(fz,92)+2(9fxpn,92)1 " 0(fz,92)+02(fz,9f xn)

DOfx,,92) <

Letting N — oo, we have
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1
Oz, f2)0(fz,f2)2(fz,92). T
[n(fz,fz)+.()(fz,192)
0(fz92)+2(fz,fz)]"
[ 20(fz,fz) ] [n(fz,fz)+.(2(fz,192)
0(fz92)+0(fz92)] " Lo(fz92)+2(fz,f2)
1
0(fz,92) < [0*(fz,92)]%
which implies that,
fz =9z.
Next we have to show that z is a fixed point of f and 9, that easily follows from the proof of
Theorem 2.2.
Uniqueness follows from (1).This completes the proof.
Now we prove a common fixed point theorem for compatible mappings of type (C) as follows:

Theorem 2.4. Let f and 3 be compatible mappings of type (C) of a complete multiplicative
metric space into itself satisfying the conditions (1) and assume that $(X) < f(X) and f is
continuous. Then f and €2 have a unique common fixed point.

Proof. From the proof of Theorem 2.2, {19Xn} is a multiplicative Cauchy sequence. Since

N(fz,92) <

(X, Q) is complete, there exists a point z € X such that
lim fx, = lim 9x, = z.
nN—o0 n—oo
since f is continuous, we have
lim ffx, =lim f 9x, = fz.
n—oo n—oo
Since fand g are compatible of type (C), so
: : : : %
limQ(f 9%, 99 ) s[nm Q(f9x., f2).limQ( 2, ffxn).an(fz,s,gxn)} :
n—oo n—oo n—ow n—oo

Letting N — oo, we have

IimQ(fz,99x,) < [Q( fz, f2).Q(fz, fz).lim Q( fz,1919xn)}% ,

which implies,
lim99x, = fz.
n—oo

Consider

1
D9y, 99x,)0(f [ x,, 99%,) Q(fIx,, Of x,). 4q
[n(fﬁxnrffxn)"'n(fﬁxnrﬁfxn)
0O9x0,8 fxp)+02(f fxn99xp)1"
[ 20(f fxn,99xy) ] [n(f19xn,1919xn)+n(f19xn,19fxn)
Q(f fxn,9fxn)+2@09xn,9fxn)] " LS fn, 9 foxn)+2(f fon, 99xp)

1
D(fI9xy, 99x,)2(f 2, 99%,) Q(f 9%, 9 f Xp,)- 4q
[.Q(fﬂxn,ffxn)+n(f19xn,19fxn)
2(fO%xn, 0 fxn) +Q(f foxn99xn)1
[ 20(f fxn,99xy) ] [n(fﬁxn,ﬂﬁxn)+n(f19xn,19fxn)
O(f fxn,9 fon) +Q (0%, 0 fxn)) " LQ(f fon, 0 fan)+2(f foxn,99xn)

lim,,_, e 299y, 9f x,) <

<
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which implies that

lim39x, =lim39fx, = fz

n—oo n—o0

Again consider

1
Q(f [0, Of x)A(f 2, 9f %) Q(f f x, 92). 44
[D(ffxn.f2)+ﬂ(ffxn,192)
Q(ffan92)+2(fz,9fxn)]
[ 20(fz,9fxn) ] [.Q(ffxn,ﬁfxn)+.()(ffxn,19z)
2(fz,92)+2(9 fxn,92) ' 2(fz,92)+02(fz,9fxn)

Nfx,,92) <

Letting N — oo, we have

0(f2,fDOfz, ff292). Ta

0(fz,fz)+0(fz,92)
2(fz,92) < [n(fz.ﬂz)m(fz,fz) '
[ 20(fz,fz) ] ) [n(fz,fz)+.()(fz,192)
Q(fz,92)+0(fz,92) 2(fz92)+02(fz,fz)
Since > 1,
fz = 9z.

The rest of the proof follows easily from Theorem 2.2.

Now we prove a common fixed point theorem for compatible mappings of type (P) as follows:
Theorem 2.5. Let f and 9 be compatible mappings of type (P) of a complete metric space into
itself satisfying the condition (1) and assume that g(X) < f(X) and f is continuous. Then f

and g have a unique common fixed point.
Proof. From the proof of Theorem 2.2, {an} is a multiplicative Cauchy sequence. Since
(X, Q) is complete, there exists z € X such that

lim fx, =lim9x, =z.

N0 o

Since f and g are compatible of type (P) and f is continuous, we have
lim ffx, = lim39x, =lim f 9x, = fz.
n—oo n—o n—o

Consider

1
D(f9%,, 99x,)2(fz,99x,)2(fIx,, 92). Tra
Q(fOxn,f2)+02(fIxn,92)
[Q(fﬁxn,ﬁz)+ﬂ(fz,1919xn) '
20(fz,99xy) Q(f9x0,99x0)+02(fIxn,92)
[.Q(fz,ﬁz)+n(1919xn,192)] ' [ 099xn,92) +0(f2,99xn)

lim,, e 2(99x,,92) < lim

n-oo

1
D zf2)0(fz, f2)2(fz,92). Ta
[n(fz,fz)+n(fz,192)
0(fz92)+2(fz,fz)]"
20(fz,fz) Q(fz,fz)+0(fz,92)
[.Q(fz,ﬂz)+n(fz,ﬁz)] : [.Q(fz,ﬂz)+n(fz,fz)

N(fz,92) <
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0(fz,92) < N2(fzfz)
which implies that
lim39x, =9z = fz.
n—oo

The rest of the proof follows easily from Theorem 2.2.
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Abstract Wavelet frames have gained considerable popularity during the past decade, primarily due to their substantiated
applications in diverse and widespread fields of engineering and science. In the present paper, we characterize the

functions i € L?(K), where, K is a local field, such that {q%l[}(p"(x — qu(m)))} . generates a frame for L2(K). In
mneNy

this concern, some results involving necessary and sufficient conditions are established.
Keywords: Fourier transform; Wavelet Frame; Local Field
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3. Introduction

Theory of frames, especially theory of the Gabor frames and wavelet frames ( [3, 8, 7]), has a
long history of the development even before the discovery of the multiresolution analysis of [9]
and the systematic construction of compactly supported orthonormal wavelets of [4]. The concept
of frame can be traced back to [5]. The wide scope of applications of frames can be found in the
early literature on applications of Gabor and wavelet frames ([3, 8]). Such applications include
time frequency analysis for signal processing, coherent state in quantum mechanics, filter bank
design in electrical engineering, edge and singularity detection in image processing, and etc.

During the last decade, there is a tremendous interest in the problem of constructing wavelet bases
and frames on various spaces other than R, such as locally compact Abelian groups [6], Vilenkin
groups [13], Cantor dyadic groups [11], p-adic fields [1] and zero-dimensional groups [1]. The
local field K is a natural model for the structure of wavelet frame systems, as well as a domain
upon which one can construct wavelet basis functions. There is a substantial body of work that
has been concerned with the construction of wavelets on local fields or more generally on local
fields of positive characteristic. For example, R. L. Benedetto and J. J. Benedetto [2] developed a
wavelet theory for local fields and related groups. They did not develop the multi-resolution
analysis (MRA) approach, their method is based on the theory of wavelet sets and only allows the
construction of wavelet functions whose Fourier transforms are characteristic functions of some
sets.

In the present article, we discuss the characterization of wavelet frames on local fields of positive
characteristic.

The paper is organized as follows. In Section 2, we discuss Fourier analysis of Local fields of
positive characteristic and some results which are prerequisite in the subsequent chapters. Section
3 gives the complete characterization of the functions { € L?(K), where K is a local field, so that



Wavelet Frames on Local Fields of Positive Characteristic 31

the system {p_TnllJ(P"(X - qu(m)))}
are established.

forms a frame for L?(K). Some results in this concern
0

m,neN

4. Fourier Analysis on Local Fields
Any field K equipped with the discrete topology is called a Local field. If K is connected, then it
is R or C. However, if K is not connected, then it is totally disconnected. Thus a locally compact,
indiscrete and totally disconnected field K is called a Local field. The additive and multiplicative
groups of K are denoted by K* and K* respectively. Other than this, example of a Local field of
characteristic zero is p-adic field Qy,, fields of positive characteristic are Cantor Dyadic group and
Vilenkin p-groups. For further details we refer to [12, 10].
Let dx be the Haar measure on K*. If A € K\0, the d(Ax) is also a Haar measure on K*. If we let
d(Ax) = |A|dx, then we call |a] as the absolute or valuation of A, which is non-Archimedian on K.
The valuation x — |x| with |0| = 0 has the following properties
(i) |x] = 0ifand only if x = 0,
(i)|xy| = |x|]y| forall x,y € K,
(iif)|x + y| < max{|x|, |y|} for all x,y € K.
Property (iii) is called the ultra-metric inequality. Moreover, |x + y| = max{|x|, |y|}, if |x| # |y].
Define B = {x € K: |[x| < 1}. Then the set B is called the prime ideal in K which is maximal
ideal in D = {x € K: |x| < 1}. Thus B is both principal and prime. Therefore for such an ideal B
in D, we have B =< p >=pD. Let D* = D\B = {x € K: |x| = 1}. Then D~ is a group of units
in K* and if x # 0, then we write x = p*z,z € D*. Moreover, BX = p*D = {x € K: |x| < q7¥}
are compact subgroups of IK* and are known as the fractional ideals of K*. Let U = {ai}?;OI be
any fixed full set of coset representatives of B in D, then any element x € K can be uniquely
written as x = X2, ¢, p, ¢, € U. Let x is constant on cosets of D so if y € BX, then Xy(X) =
x(yx),x € K. Suppose that x, is any character on K*, then clearly the restriction y,|D is also a
character on D in K*, as then, as it was proved in [12], the set {xu(n): ne No} of distinct
characters on D is a complete orthonormal system on ®. The Fourier transform f of a function
f € L1(K) n L?(K) is defined by
f(®) = [ fCOXe(x)dx.
It is noted that
f®) = fi f) xe()dx = [ FEIxX(—Ex)dx.
Furthermore, the properties of Fourier transform on local field K are much similar to those of on
the real line. In particular Fourier transform is unitary on L?(IK). For any prime p and a,b € K, let
Dy, Ty(nya and Eymyp be the operators acting on L?(KK) given by dilations, translations and
modulations, respectively:
D,f(x) = /af(p™"x),
Tymyaf(x) = f(x —u(n)a),
Eymypf(x) = x(u(m)bx)f(x).
We now impose a natural order on the sequence {u(n)};-,. We have ©/8 = GF(q), where
GF(q) is a c-dimensional vector space over the field GF(p). We choose a set

{1=20,3,%, ..., 01} € D" such that span {ZJ}]‘:: = GF(q). For n € N, satisfying 0 < n <
gn=ag+ap+--+tapL0<a<pandk=0,1,..,¢c—1,
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we define
u(n) = (ag +a;4 + -+ +ac1ge_)p7
Also, forn = by + b;q+b,q% + -+ bsq%,n € Ny, 0 < b, < g,k =0,1,2, ..., s, we set
u(n) = u(by) +u(by)p™" + -+ u(bs)p~>.

This defines u(n) for all n € N,. In general, it is not true that u(m + n) = u(m) + u(n). But if
r,k €Ny and 0 < s < g, then u(rg® + s) = u(r)p~* + u(s). Further, it is also easy to verify
that u(n) =0 if and only if n=0 and {u(¥) + u(k):k € Ny} = {u(k):k € Ny} for a fixed
¢ € Ny. Here after, we use the notation x,, = Xy, n = 0.
Let the local field K be of characteristic p > 0 and ¢y, {;, 5, ..., {c_4 be as above. We define a
character x on K as follows:

i exp(2mi/p), p=0and j=1,

X ])_{1, u=1.,c—1orj#L

We also denote the test function space on K by S, i.e., each function f in S is a finite linear
combination of functions of the form 1,(x —h),h € K, k € Z, where 1, is the characteristic
function of BX. Then, it is clear that S is dense in LP(K), 1 < p < oo, and each function in S is of
compact support and so is its Fourier transform.

5. Main Results
Definition 3.1 Given a function s, we say ¢ € W(L*(K), L1(K)) for some a > 0, if

HWllwp = Znen, [[WE —pu))lz-1]le < co.

The functions § € W(L”(K), L' (K)) have the following properties.
Lemma 3.2 (i) If [|W]]w, is finite for some p, then it is finite for all p.

(i) if 0 < [p| < |ql, then [[Y]lw,q < 2[|Wllwp
(iii) For any p, q, we have

W = qum)l| < 2[[Y]lw,p -
Proof. (i) Define BX = {x € K, [x| < pk}keNo and B" = {x € K: |x| < q "}ren,. Let {B }sen be
the non-empty intersection of elements from {Bk}keN and {B"}ye,- Then clearly the number of
0

BS which are contained in a given B¥ is bounded independently of k and we call this bound to be
M. Therefore

Ykeny W 1zslle < Xieny Lascar W Lgkllo <M Xken, [V 13| oo,
ZrENO W 15| = ZSENO [ 1735(1')”00 < ZjENO [ 131'”00:

where, s(j) is such that B5 < BT and ||. 13r|[es = [P 15sa) ||e- This implies
Wllw,gq < M||P]lw,p and similar argument gives the opposite inequality.
(i) Making the assumption |p| < |q| implies M = 2.

(iii) For the part (iii), the proof follows on the similar lines as in (i).

Definition 3.3 Given a function {5, we say ¢ € W(L*(K), L'(K)), if

IWllwp = Zken, (- 1gxlle + 10 15-k]le0) < oo,
For the functions in W(L* (K), L' (K)), the following properties hold.
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Lemma 3.4 (i) If ||W]|w,, is finite for some p, then it is finite for all p.

i) If [p| < |ql, then [[W]lw,q < 2[1W]w,-
(iii) For any p, q, we have

1
I'alze(@) wy < 2l
The proof follows on the similar lines as in case of Lemma 3.2.

Lemma 3.5 Lety € L2(K) be such that
(i) there exists A,B > 0 such that

0<As<) [FEVF <B<oforaeyek
KkeN,
() Blau)B-q )z = 0,
keN

where, B(s) = esssup Yxen, PP*Y)P(@*y — s), then there exists g, > 0, such that
(Ve - qum)}

We can re-state the above Lemma as

Let ¢ € L2(K) such that
(i) there exists constants A,B > 0, such that

A<y TG = pu)[* < B.

\ generates a frame for L2(K) foreach 0 < q < q.
0

) plaua} =0,
where, B(s) = esssup| Ynen, WX — pu(m)P(x — s — pu(n))|, then there exists q, > 0,such
that {ng;(p“(x - qu(m)))} N generates a frame.

m,n

Proof. For fixed n, consider i-periodic function given by

Fn(8) = Zen, ¢t — a7 u()W(t — pu(n) — g~ uk)).
Now, since, F, € B and both ¢, y are bounded and

S dOU(t—pum)) xm(aDdt = [ F4(D) xm(qD)dt.
Also, we have by Plancheral formula

Ymeno | J5 Fa(® Xm(qDdt|* = q7* [ [Fp(D)|*dt.
Therefore,
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Zneny Zmen, (), W(t = pumxm(@))?

= Ynen, Zmen, | Jx dOW(t—pu®))xm(@D)dt|?
=q7" Znen, Jp | Zken, Ot — g u®)P(t— pu(n) — g tu(k))|*dt

= Q7" Tnen, Jp Zren, Pt — a7 Tu(m)P(t —pu(n) — g Hdt

X Tken, Pt — g uk)) w(t —pu(n) — g *u(k)) dt

= Q7" Tnen, Zren, Jp Pt — a7 u@)w(t — pu(n) — g~ u(r)dt

X Tken, Pt —aq  uk)) Y(t—pu(n) — g 'u(k))dt

= g7 Tnen, Jy POWE— pu)) Tiew, d(t — q~tu)W(t — pu(n) — g u(k)) dt

= q7! Yiew, S PO d(t— q7u(k)) X Tpen, Wt —pu(n)) Y(t— pu(n) — g 'u(k))dt

=q7! fi [P Tnen, IW(t—pu@)|? dt+q7* Tien fi PO (t — g7 u(k)

X Ynen, W(t—pu(m)) Y(t—pu(n) — q 'uck))dt = A.
By Cauchy-Schwarz inequality, we have

A< q7'B||$lI2 + q! keMB(q'lu(k)) fKW¢(t—q-1u(k))dts Bo(q) l19113,

and

A>q'Al|d])? —qt keKB(q-lu(k)) jM & bt — g tuk)dt > Ay(q) [Il1Z,
where
Ap(@) = q7'A — b7 Xyen B(@ Mu(k)),

Bo(@) = q7'B + q7" Xken B(q Mu(k)).

and

By second condition, we have q, > 0, so that A;(q) > 0 and By(q) < o forall 0 <g <q,
and since ¢ € L2(K), we can find a sequence of compactly supported functions ¢; such that
b; - ¢in 12(K) as j — oo. By the above result, we have

M@ IIBIES Y D (e m(@U(t— Pu)I? < Bo(a) 16113

and thus the result follows.
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The next theorem gives a necessary condition for the system {q%lb(t — u(m))}

a frame for L?(K).

Theorem 3.6 Forq > 0, if {qﬁp(t - qu(m))}
m,ne

G(Y) = Xnen, IW(P"Y)I*? < B < x,a.ey€K.
Proof. Assume that esssupG(y) = +oo. Given M > 0, we can find B < B’, such that G(y) >
qM.Letd = xg then

Smettp Znetio | (&7 U (p"(t — quem)) ) 12 =
Yneno P Zmeng | J; U@ Y)Xm(@p~"y) dy|>.

to generate
No

m,ne

generates a frame for L?(K), then
No

n
Since, {qEXm(q“y)} \ is an orthonormal basis for L? (p"B)
0

me

and UI(q"y).xg € L?(B) € L?(p"B), therefore
Ymen, 4" Znewo | 5 V@ Y)Xm(@"V)AY? = Znew, 4 fg [W(a™y)|>dy > M][¢]|?

and since M is arbitrary, therefore {qgw(p“(x—u(m)))} § cannot generate a frame for
m,neNgy
L2(K).

n
The next theorem gives a necessary condition for {qu(p“(x—u(m)))} \ to generate a
0

m,ne

frame for L2(K) irrespective of the fact whether s has compact support or not.

Theorem 3.7 If {qgw(p“(x - u(m)))} § is a frame for L(KK), then
m,neNgy

0 <A <G = Znew, WE"Y)I* < B < +oo.
Proof. Assume that essinfG(y) = 0, given § > 0, we can find B c B' and G(y) < 6 on B. If
wesetd = xz

Do D B EVE G —u) P =D D 4" (B @@ )

= Tneny 0" Zmeng | 5 B@xm(@™y) dyl?
For fixed n € Ny, {qum(q“y)} g is an orthonormal basis for L?(p"B’) and m.B €
L2(p"B"), then
ety P Zmeng | fp T@Xm(@™) @¥1? = Tnen, Jy (@)1 dy < 8 [19]1%
Since & is arbitrary, therefore {qgw(p“(x - u(m)))} - is not a frame for L2 (KK).

m,ne

m,ne

The next theorem gives a sufficient condition for {qgllj(p“(x— u(m)))}
frame for L?(K).

to generate a
No

mne
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Theorem 3.8 Given ¢ € W(L®(K), L'(K)) such that y € W(L*(K), L'(K)), if there exists
constants A and B such that

0 <A< ey, [UGP"YI* < B< wa.e for somep,
then {qgllj(p“(x - u(m)))} § generates a frame for L?(KK) for all p.
€Ng

mn

Proof. By lemma (3.5), we need only to show that

Sen BK)B(-uk))z = 0.

For fixed p, we claim that for all functions ¢ , f, we always have,
Ykek | Lneny [P@™ TPy —u®)] o < 4 [|dllw, I]]-
Consider,

ZkEN I ZHENO |PP™||f(p"y — u®))] Il
= ZkeNo : ZnENO OGP VI — ulk)Ixs lle

< HREs e I MY = u09) e
keN neNg
(By Cauchy-Schwarz inequality)

= ZN 1 E™)-Xs o ZkEN I My — ()t N
< ZHENO I dVxz Nloo ZkEN I @™y — u(k)xz lle

< ZN I Oz o2 1 FPY)

= ZN I $OXE o2 1 EY) o

<4) 1P ol Pl
neNg

=41 ¢ lwy I Tllw,.
Now we fix € > 0, let N be so large that

Zen (I . Xz oo + I U.xz-n o) <eand Yooy Il §.Xpn lo<e. Let Yo=1.1pn and
Yy =Y — Yo, then Il Yy Iy, < & Il Py llw,< eand

2o BN =D D G EE"Y —u9) I
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< Tken | Znew, WE W@ — u®)] e

= Zken I Znen, [Wo(®™Y) + U1 3" IWo @™y — u(k) + Y1 "y — u®)] e

< Yken I Zneng [WoP™I[Wo@™Y — u(K)| oot Zien I Znen, [Wo®™I[W1 (™Y — u(®)| lle
+ Zken 1| Znew, (W1 @U@y — u()| oot Zien 1| Zneny W1 @™ WIW1 Gy — u(®)] lle
= Yken 1| Zneng [WoP™IW1 Py — u(R)| oo+ Zken 1| Znen, W1 @™ IWo ™Y — u®)] lle
+ Zken | Znew, W1 ™| W1 "y —u®)] lleo

< 4Wollwp Il W1 lwpt 4 11 Wy g Il Wo lwpt 4 1l Wy liggp Il Wy

< 4e || P ligy,+ 4€%.
Similarly, we have
B(—u(k)) < 4e Il § liggp+ 4€ Il § llyyp+ 4€2
Yken B(X)2B(-u(k)z < {Tren BUK))}z . {Ten Tken B(—uk)}z < 4 Il U ligy,+ 4¢€?,

and thus the result follows.
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Abstract

This manuscript presents the complete synchronization of identical 3D autonomous chaotic systems. Active nonlinear
control is used to compute the controllers to achieve the complete synchronization of 3D autonomous chaotic system.
Numerical simulations are provided to illustrate the effectiveness of the proposed synchronization schemes for identical
3D autonomous chaotic systems.

Keywords: 3D autonomous chaotic system, complete synchronization, nonlinear active control.

1. Introduction

Much has been written and said about the concept of synchronization of chaotic systems since it
was first introduced by Pecora and Caroll [1]. Because of its interdisciplinary nature the chaos
synchronization problem has received interest from researchers across the academic fields such as
physics, mathematics, engineering, biology, chemistry, etc. The potential applications of chaos
synchronization to engineering systems, information processing, secure communications, and
biomedical science amongst many others has led to a vast variety of research studies in this topic
of nonlinear science [2, 3, 4, 5].

The control of chaos is concerned with using some designed control input(s) to modify the
characteristics of a parameterized nonlinear system. A number of methods such as active control
[6], adaptive control [7], backstepping control [8] and optimal control [9], sliding mode control
[10], adaptive sliding mode control [11, 12] exist for the control of chaos in systems.

Various kinds of synchronization such as sequential, phase, anticipated, measure, generalized, lag
projective synchronization [13], complete synchronization [14], hybrid synchronization [15], anti-
synchronization [16], projective synchronization [17] and hybrid function projective
synchronization [7] have been developed and are frequently used.

In recent years, active control [6, 17] have been widely recognized as powerful design methods to
control and synchronize chaos. Active control technique gives the flexibility to construct a control
law so that it can be used widely to control and synchronize various nonlinear systems, including
chaotic systems.

This manuscript is categorize as follows: In section 2 system description of 3D autonomous
chaotic system are given. In section 3 complete synchronization of 3D autonomous chaotic
system is achieved. In section 4 simulation results are discussed. Finally in section 5 concluding
remarks are given.
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2. System Description of 3D Autonomous Chaotic System
The dynamics of 3D autonomous chaotic system [13] having seven terms with three quadratic
terms is given by

X, =X, —ax; + 10x,x3
X, = cxy 4 5x%3 1)
X3 = bx3 - lexZ

where x;, x,, x5 are the variables and a, b, c are the parameters. When the parameters a=0.4,
b=0.175, ¢=-0.4 and initial condition (0.349,0.113,0.2) are chosen then the system displays
chaotic attractor (two strange attractors) as shown in figure (1). The corresponding Lyapunov
exponents as shown in figure (2) of the 3D autonomous chaotic attractor are y; = 0.071025,y, =
—0.000032932,y; = —0.69599.
The Kaplyan-Yorke dimension is defined by

I Jj YVi

b =j+ Ei:l [Vj+1l

=2.10209 _
where j is the largest integer satisfying Z{=1 y; =0 and Z{:ll ¥; < 0. Therefore Kaplan-Yorke
dimension of the chaotic attractor is D = 2.10209 which means that the Lyapunov dimension of
the chaotic attractor is fractional.
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Figure 1: Phase Portrait of the 3D autonomous chaatic system
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Figure 2: Lyapunov exponents of the novel chaotic system

2.1 Poincaré map, Bifurcation diagram and Impact of system parameters

As an important analysis technique, the Poincaré map reflects the periodic and chaotic behavior
of the system. When a = 0.4,b = 0.175,¢c = —0.4 one may take x; = 0 as the crossing section
as shown in Figure 3.

The bifurcation diagram of |x;| with respect to parameters a, b, ¢ is shown in Figure 4 which
shows abundant and complex dynamical behaviors.

0.2 T

0158

0.1 W

01 0.2 a3

Figure 3: Poincare map on the crossing section x; = 0

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 38-44



Synchronization of 3D Autonomous Chaotic System using Active Nonlinear Control 41

og

01 0.z 0.3 0.4 05 0.8 0.7 08
Figure 4: Bifurcation diagram of |x, | versus a
3. Complete Synchronization of 3D Autonomous Chaotic System

We consider the identical 3D autonomous chaotic system to achieve the complete synchronization
between the drive system (2) and the response system (3) respectively.

X, =X, —ax; +10x,x3
{xz = cx, + 5xX3 (2)
X3 = bX3 - 5x1x2

Y2 =CYa+5yy3tuy 3)
Y3 =Dbys; —5y1y; +u3
where x;, x,, X3, ¥1, 2,5 are the state vectors and a, b, c are the parameters of the system and
u=(u; u, ug)tisthe nonlinear controller to be designed.
The error states for complete synchronization are defined as
&L=~ %N
{32 =Y2—X; 4)
€3 =Y3 — X3

{371 =y, —ay; + 10y,y; + u4

3.1 Design of Control Function
The error dynamics is obtained as
é, =-e,—ae; +10y,y; — 10x,x3 + uy
é, =ce, +5y,y; —5x.x3 +u,
Y pe ()
é; =be; —5y;y, +5x;x, +u;
To achieve asymptotic stability of system (5), we eliminate terms which cannot be expressed as
linear terms in e, e,, e5 as follows :
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u, = —10y,y3 + 10x,x3 + v,
Uy = _5y1y3 + 5x1X3 + U, (6)
Uz =5y1Y; — SX1Xp + V3
Substituting (6) into (5), we obtain
&, =e,—ae +m
éz =ce, + U,
é3 = b63 + V3 (7)

Using the active control method, a constant matrix A is chosen such that the error dynamics (7) is
controlled. For that the feedback matrix is

Uy €1
=4 ezl (8)
U3 €3
with
_ |0 A,—c 0
A= 0 0 A3 —b ©)

In (9) the six eigenvalues 44, 4,, A5 are chosen to be negative in order to achieve a stable complete
synchronization between two identical 3D autonomous chaotic system.

3.2 Numerical Simulation

Numerical solutions are carried out in Matlab to solve systems (2) and (3) with the following
initial conditions (xq, x,,x3) = (0.349,0,0.16) and (v,,¥,,¥3) = (1,0.113,0.2). The system
parameters are chosen as a = 0.4, b = 0.175, ¢ = —0.4, so the system behaves chaotically as
shown in figure (1). Figure (5) shows the dynamics of the state variables (x and y) of the master
system and the slave system. The error dynamics of the system when the controls are activated at
time t = 0 is shown in figure (6). The synchronization errors between the two system is seen to
converge to zero.

05f: g

X,
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Figure 5: Dynamics of the state variables when the control functions are activated at t = 0
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Figure 6: Error dynamics of the state variables when the control functions are activated for t = 0
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4 Conclusion

This manuscript demonstrates that the chaos synchronization of 6D hyperchaotic systems using
active control method is achieved. Numerical simulations are used to verify the effectiveness of
the proposed nonlinear active control technique. Computational and analytical results are in
excellent agreement.
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Abstract

The main purpose of this article is to introduce a modification of g-Dunkl generalization of Szasz-operators. We obtain
approximation results via well known Korovkin’s type theorem . we obtain Further, we obtain the order of approximation,
rate of convergence, functions belonging to the Lipschitz class and some direct theorems .
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1.  Introduction and preliminaries
In 1950, for x > 0, Sz&sz [19] introduced the operators
(nx)k

Salf;x) = e Ep_y B f (%), f € C[0,). (1.1)
In the field of approximation theory, the application of g-calculus emerged as a new area in the
field of approximation theory. The first g-analogue of the well-known Bernstein polynomials was
introduced by Lupas by applying the idea of g-integers [5]. In 1997, Phillips [17] considered
another g-analogue of the classical Bernstein polynomials. Later on, many authors introduced g-
generalizations of various operators and investigated several approximation properties [7, 8, 9, 10,
11, 13, 14, 15, 16, 20, 21].
We now present some basic definitions and notations of the g-calculus which are used in this
paper.
Definition 1.1 For |q| < 1, the g-number [A], is defined by

11%‘; ALEQD)
A, = (1.2)
Reak=14+q+q*+ - +q"t (A=neN).
Definition 1.2 For |q| < 1, the g-factorial [n],! is defined by
1 n=0)
[n]g! = 1.3)

[Tk=1 [Klq (n €N).
Sucu [18] defined a Dunkl analogue of Szasz operators via a generalization of the exponential
function as follows:

wrpoN 1 » (k. (k+2u6)
Sa0f300:= s oy f (), (1.4)



46 M. MURSALEEN AND MD. NASIRUZZAMAN

where x > 0,f € C[0,%),u = 0,n € N.
Cheikh et al., [2] stated the g-Dunkl classical g-Hermite type polynomials and gave definitions of

q-Dunkl analogues of exponential functions and recursion relations for u > —%and 0<g<l1.

eﬂ,q(x) Zn 0 (n) X € O; OO) (1'5)
n(n 1) n
Bua(0) = Znzo 5=/ ¥ €0,) (16)

where
(q2#+1:q2)[n_+1](q2rq2)[%]
Vuq() = Qo Yiq(m),n €N. .7
In [4], I¢6z gave the Dunkl generalization of Szasz operators via g-calculus as:
__ 1 o (nlgn" ( Zf“’k“‘)
D ;X)) = - ’
na(f3) euq(Inlgx) “*=0 v 400 1-q"

for u > %,x >00<g<1landf €C[0,x).
Previous studies demonstrate that providing a better error estimation for positive linear operators
plays an important role in approximation theory, which allows us to approximate much faster to
the function being approximated.
Motivated essentially by I¢cdz [4] the recent investigation of Dunkl generalization of Szasz-
Mirakjan operators via g-calculus we show that our modified operators have better error
estimation than [4]. We also prove several approximation results and successfully extend the
results of [4]. Several other related results have also been discussed.

(1.8)

2. Construction of operators and moments estimation
Let {a,}and {b,}; are increasing and unbounded sequences of positive numbers such that

1
}lma_mand —1+o(—) (2.1)
For an — and n € N we define
anb (an[nlg0) . (1-q2#0K*k
Dali (50 = q([n] wam Zi=0 v,t,qgc) f ( bn(1-q™) ) 22)
where e, ,(x),7,,q are defined in (1.5), (1.7) by [18] and f € (¢[0, ») with ¢ > 0 and
C¢[0,0) = {f € C[0,):|f(H)| < M(1 + t)¢, forsomeM > 0, > 0}. (2.3)
Note that the parameters a,, and b,, have an important effect for a better approach of the operator
Dy,

Lemma 2.1 Let D,‘f;;’b"(. ;) be the operators given by (2.2). Then for each i <x<
1

bn(l—qn)b
Anbnrq. —
1. Divbr(1;x) = 1,

2. DInn(t;x) = (‘;_:) X,
3 an 2 2 an 2u 1 2 ey,,q(g_zq[n]qX) x < Dan'bn 2.
' (_) X5+ (Z) q [ - I'l]q = Ungq (t ,X)

bn enq(nlgx) 32nlq
2
24 (8n =
= (bn) X (bn) [1+2uq [nlg’

,n € N, we have the following identities/ estimates:
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Proof. As Db (1;x) = eﬂyq(ai[n]qx) k=0 (any[:(]g > 1, and
Dy (t; x) = ! " (@alnlg0)" (1 — 9"”‘)
eu,q (an[n]qx) %=0 V,u(k) bn(l - qn)
- 1 s (an[n]gx)*
bn[n]geyu,q(an[nlqgx) Yu(k-1)

()
then (1) and (2) hold. Similarly "
1 © (an[n]qx)k (1 _ q2ﬂ9k+k>2
eu,q(an[n]qx) *=o0 y/.l.(k) bn(l - qn)

Dy (8% x) =

_ 1 I (an[n]qx)k (1—q2#9k+k)
T bE[nIZeuq(anlnlgx) “K=0 v, (-1 1-q
= 1 e (an[n]qx)k+1 (1—42u9k+1+k+1)
bE[nIZepq(anlnlgx) “K=0 v, (k) 1-q
From [4] we know that
(21641 + k + 1], = [2u6) + k], + q*HO%M [2u(—-1)* + 1], (2.4)
Now by separating to the even and odd terms and using (2.4), we get
k+1 _g2HO 41 HR+1
pambn (2, 5y = 1 o (anlnlgn) (1 a )
n4q ( X) brzl[n]leeu,q(an[n]qx) Zk_o Yu (k) 1-q
[1+2u]q o @nMg0* o 6,2k
b%[n]%,eu,q<an[n]qx)z’<=° a1
[1-2ulq o (@nnlg0)?<*? 2U0, )11 +2k+1
b3 [n1Zey,q(anlnlgx) Zie=o e 4 '
Since
[1—2u]q <[1+2u]g, (2.5)
we have

)Zk

[1-2pu] (qanlnlgx
pnbn t2:x) > x Iz 4 Xdn q o q
n4q ( ) ( bn) bn[n]geu,q(an[nlgx) Zk—O Yu(2k)

qz“xan[l—Zu]q 0 (qan[n]qx)2k+1
bnlnlgenqannlgn) k=0 y,@2k+1)
an
enq(@y,[nq*) xq,

euq(phinlex) bnlnlg

> (x5 +q*[1 - 2u],
bn
On the other hand, we have
Anbn .2, any2 _Xan
Dpg (5 %) < (x bn) +[1+ 2u], by
This completes the proof.
Lemma 2.2 Let the operators D,’f,’é'b"(. ;) be given by (2.2). Then for each x > %,n € N, we
have
an.b ) = (& —
1. Dn,?; "t—x;x) = (bn 1)x,
2
an.by 2. an 2 an X
2. DImPn((t - x)2% %) < (bn 1) 22+ (bn) [1+ 2ulg
Proof. For proof of this lemma we use
b b b
Do (t = ) = Do ™" (6%) — Dpg (1 %),
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And
DinPr (¢ — x)?;x) = Dgwn(t%;x) — 2xDg"™ (¢ x) + x2Dyw™(1; x)
This ends the proof of (2).

3.  Main results

We obtain the Korovkin’s type approximation properties for our operators (see [1], [6]).
Let Cx(R™) be the set of all bounded and continuous functions on R* = [0, «), which is linear
normed space with
Il f llcy= suplf (x)].

x=20
Let
H:={f:x € 0,oo),1f(x) ]
Theorem 3.1 Let D,’f,’[;'b"(. ;) be the operators defined by (2.2). Then for any function f €
C¢[0,0)NH,{ =2,

lim D™ (f;2) = £ (x)

is uniformly on each compact subset of [0, «0), where x[0, «0).

Proof. The proof is based on Lemma 2.1 and well known Korovkin’s theorem regarding the
convergence of a sequence of linear positive operators, so it is enough to prove the conditions

lim D" ((¢/; %) = x/,j = 0,1,2, {asn - «}
n—-wo
uniformly on [0,1].
Clearly SE RN 0(n — ) we have
[nlq
: anbn g, — : an,bn . —
1111—I>I<30Dn'q (t; x) = x, }lli?oD"rq (t?%x) = x2.
This complete the proof.
We recall the weighted spaces of the functions on R*, which are defined as follows:
P,(RY) = {f: If ()| < Mpp(x)},
Q,(R) = {f:f € B,(R*) n C[0,0)},
Qp(uv) ={r:r e Q,®" andlim £ (’“; = k(k is a constant )},
where p(x) = 1 + x? is a weight function and Mf |s a constant depending only on f. Note that

£ @l

QP(JR{+) is a normed space with the norm || f Il ,= sup,so —— oL

4. Rate of Convergence
Let f € Cg[0, 0], the space of all bounded and continuous functions on [0, ) and x > i,n € N.

Then for § > 0, the modulus of continuity of f denoted by w(f,8) gives the maximum
oscillation of f in any interval of length not exceeding § > 0 and it is given by

w(f,8) = tsgp If () = f(x)],t €0,0). (4.1)
It is known that limg_o, 0 (f,86) =0 forf é Cg[0, ) and for any § > 0 we have
F® - ool < (B2+1) (s, 8). (42)
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Now we calculate the rate of convergence of operators (2.2) by means of modulus of continuity
and Lipschitz type maximal functions.

Theorem 4.1 Let D,‘ff,;'b"(. ;.) be the operators defined by (2.2). Then for f € C5[0,0),x = i
and n € N we have

D (f30) = () < 20(f38,.2),

where

_ an 2 an x
Opx = \/(Z - ) x2 + (;) [1+ 2:“](1 E (4.3)
Proof. We prove it by using (4.1), (4.2) and Cauchy-Schwarz inequality. We can easily get

1
D™ (f5 %) = ()] < {1 +5 (D (e - x)Z;x)Z}w(f; 8)
if we choose § = §,,, and by applying the result (2.2) of Lemma 2.2, we get the result.

Remark 4.2 For every f € Cz[0,%),x = 0 andn € N, suppose {a,}, {b,,} be the sequence
satisfies (2.1) then the operators D, ,(.;.) defined by (1.8) reduced to D”"’b"( 2).
Now we give the rate of convergence of the operators D, b"(f x) defined in (2.2) in terms of the

elements of the usual Lipschitz class Lipy (v).
Let f € C5[0,0), M > 0and 0 < v < 1. The class Lipy (v) is defined as

Lipy() = {f:1f (§) = (Gl < M|y — &IV (81,62 € 0,0))} (4.4)
Theorem 4.3 Let D,‘ff,;'b"(. ;) be the operators defined in (2.2).Then for each f € Lipy,(v), (M >
0,0 < v < 1) satisfying (4.4) we have
D™ () = F (| < M(82)?
where &, , is given in Theorem 4.1.
Proof. We prove it by using (4.4) and Holder inequality. We have

IDnPR (5 2) = F ()] < IDERPR(F(£) — f(x); %))
< DZ,Z”"(If(t) — f(X)};%)
<MD (|t — x|Y; x).

Therefore
DI (f ) — £ ()] < M— s (“"["]qx)k|1_q2“9k+k— K
i ' B eu,q(an[n]qx) — Vuq(k) " by(1—q™)
2=V
[nlgq ((an[n]qx) )
<M
euq(an[n]qx)zk 0 (k)
((an[n]qx)k)z 1- q2u9k+k_ |v
Yu,q(k) bnp(1-q™)
Z;V
( n o (an[n]qx)") 2
epq(anlnlqn) k=0 y, 400
v
X( [nlq o (an[n]qx)kll—q2u9k+k_ 2>5
euq(anlnlgx) “*=0  yy 00 ' bp(i-q™
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v
= M(Dn™™(t — %)% %)%
This completes the proof.

Let
C3(RY) ={g € Cg(R"): g, g € Cz(R")}, (4.5)
with the norm
[ g "CE(IR*'):” g ”(;B(]R+) +Il g ”(;B(]R+) +Il g "(;B(]R"'); (46)
also
Il g lcyw+y= sup g (). 4.7
xeRt

Theorem 4.4 Let D,‘ff,;'b"(. ;.) be the operators defined in (2.2). Then for any g € CZ(R*) we
have

" 5 -
|D,‘§f,;b"(f; x)—fx)| < {((Z—: - )x) + —’Z‘x} g lczmty
where &, , is given in Theorem 4.1.

Proof. Let g € CZ(R*). Then by using the generalized mean value theorem in the Taylor series
expansion we have

a2
E € (x, b).

g =g+ gt -x)+g W)=,

By applying linearity property on D,‘ff,;’b", we have

D (g,x) — g(x) = g ()P (¢ = x); %) + EE DI ((t - x)%; %),
which implies that
| Db (g; 2) — g(0)]

2 [ pp—
an _ ' an _ 2 an X 2 C®RT)
= ((bn 1) x) g Negmeyt <(bn 1) X+ (bn) [1+2u], [n]q> 2

From (4.6) we have 1l g liczo.:)<Il g llc2(0.)-

D™ (g5 %) — g(x)] < ((Z—Z‘ 1) x) I
2 gl 2 ot
an _ 2, (9 X ) ZB®RD
9 lcgmn+ ((bn 1) X (bn) [1+2ulq [nlq) 2

The proof follows from (2) of Lemma 2.2.
The Peetre’s K-functional is defined by

. " . 2
K(f,0) = ot {(Nf =9 Ncpmnt 816 Ngan):g €W?), (4.8)
where
W?=1{g €C(R"):g,9 €Cs(RD} (4.9)

There exits a positive constant C > 0 such that K,(f,6) < Cw,(f,62),5 > 0, where the second
order modulus of continuity is given by

wz(f,(S%): sup sup|f(x+ 2h) —2f(x+ h) + f(x)]. (4.10)
1xeR*

0<h<42
Theorem 4.5 For x > %,n € Nand f € Cz(R*) we have
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IDEVR(f; %) — £ ()]

an

. 2(32 1)x)+6n,x
<2M< w,| f; — I f legmty o

where M is a positive constant, 6,,, is given in Theorem 4.3 and w,(f; &) is the second order
modulus of continuity of the function f defined in (4.10).

Proof. We prove this by using the Theorem 4.4
DA (f5 %) = £ ()] < DR (f — g;%)| + Dy (g; %) — g(O)] + | (x) — ()|

bn, a
<20 f = g leymnt 220 g g+ ((ﬁ -1) x) 19 eyt

From (4.6) clearly we have |l g llcgro,0)<Il g llc210,009-
Therefore,

D" (f3 ) = f(2)] < 2 (" =0 ey

where 6, , is given in Theorem 4.1.

(2(&21)x)s

Sn,x
" g ”Cé(]]@*‘) )

By taking infimum over all g € C3(R*) and by using (4.8), we get
2($2-1)x) 4601
onin - o <2, )

Now for an absolute constant Q > 0 in [3] we use the relation

K,(f;8) < Q{w,(f;V8) + min(1,8) Il £ I1}.

This complete the proof.

References

[1] N. L. Braha, H. M. Srivastava and S. A. Mohiuddine, A Korovkin’s type approximation theorem for periodic
functions via the statistical summability of the generalized de la Vallée Poussin mean, Appl. Math. Comput., 228
(2014) 162-169.

[2] B. Cheikh, Y. Gaied and M. Zaghouani, A g-Dunkl-classical g-Hermite type polynomials, Georgian Math. J.,
21(2) (2014) 125-137.

[3] A. Ciupa, A class of integral Favard-Szasz type operators, Stud. Univ. Babes-Bolyai, Math., 40(1) (1995) 39-47.

[4] G. igoz and B. Cekim, Dunkl generalization of Szasz operators via g-calculus, Jour. Ineq. Appl., (2015), 2015:
284,

[5] A. Lupas, A g-analogue of the Bernstein operator, In Seminar on Numerical and Statistical Calculus, University
of Cluj-Napoca, Cluj-Napoca, 9 (1987) 85-92.

[6] S. A. Mohiuddine, An application of almost convergence in approximation theorems, Appl. Math. Lett., 24(11)
(2011) 1856-1860.

[7] M. Mursaleen and K.J. Ansari, Approximation of g-Stancu-Beta operators which preserve x2, Bull. Malaysian
Math. Sci. Soc., DOI: 10.1007/s40840-015-0146-9.

[8] M. Mursaleen and A. Khan, Statistical approximation properties of modified g- Stancu-Beta operators, Bull.
Malays. Math. Sci. Soc. (2), 36(3) (2013) 683-690.

[9] M. Mursaleen and A. Khan, Generalized g-Bernstein-Schurer operators and some approximation theorems, Jour.

Function Spaces Appl., Volume (2013), Article ID 719834, 7 pages.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 45-52



52

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

M. MURSALEEN AND MD. NASIRUZZAMAN

M. Mursaleen, Faisal Khan and Asif Khan, Approximation properties for modified g-bernstein-kantorovich
operators, Numerical Functional Analysis and Optimization, 36(9) (2015) 1178-1197.

M. Mursaleen, Faisal Khan, and Asif Khan, Approximation properties for King’s type modified g-Bernstein-
Kantorovich operators, Math. Meth. Appl. Sci., 38 (2015) 5242-5252.

M. Mursaleen, M. Nasiruzzaman and Abdullah Alotaibi, On Modified Dunkl generalization of Szasz operators
via g-calculus, Journal of Inequalities and Applications (2017) 2017:38, DOI 10.1186/s13660-017-1311-5.

M. Mursaleen, Tagseer Khan and Md. Nasiruzzaman, Approximating Properties of Generalized Dunkl Analogue
of Szasz Operators, Appl. Math. Inf. Sci., 10(6) (2016) 1-8.

G. V. Milovanovi¢, M. Mursaleen and Md. Nasiruzzaman, Modified Stancu type Dunkl generalization of Szasz-
Kantorovich operators, RACSAM DOI 10.1007/s13398-016-0369-0.

M. Orkcii and O. Dogru, Weighted statistical approximation by Kantorovich type g-Szasz Mirakjan operators,
Appl. Math. Comput., 217 (2011) 7913-7919.

M. Orkcii and O. Dogru, q-Széasz-Mirakyan-Kantorovich type operators preserving some test functions, Appl.
Math. Lett., 24 (2011) 1588-1593.

G.M. Phillips, Bernstein polynomials based on the g- integers, Ann. Numer. Math., 4 (1997) 511-518.

S. Sucu, Dunkl analogue of Szasz operators, Appl. Math. Comput., 244 (2014) 42-48.

O. Szész, Generalization of S. Bernstein’s polynomials to the infinite interval, J. Res. Natl. Bur. Stand., 45 (1950)
239-245.

A. Wafi, N. Rao and D. Rai, Appproximation properties by generalized-Baskakov-Kantrovich-Stancu type
operators, Appl.Math.Inh.Sci.Lett., 4(3) (2016) 111-118.

A. Wafi and N. Rao, A generalization of Szasz-type operators which preserves constant and quadratic test
functions, Cogent Mathematics (2016), 3: 1227023.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017, pp. 45-52



Instructions to Authors

JMI International Journal of Mathematical Sciences (IMIIJMS) invites original
contributions of exponential nature in all branches of Mathematical Sciences. All areas of Pure
and Applied Mathematics, Mathematical Physics, and Computer Science are included in the
scope of the Journal. The primary focus is on original research work in the areas of mathematical
sciences.

All submissions (papers), intended for publication in JMIIIMS must be in their final form
and typed in English language on one side only of A4-size paper with double-spacing between
lines and wide margins. The author(s) must send their paper(s) either to the Editor-in-Chief or to
the Managing Editor(s) in soft copy in PDF format, along with the duly completed Copyright
Transfer Form, to the following email address: jmi.ijms@gmail.com

By submitting paper(s) to JMIIJMS the author(s) certify that she/he/they is/are submitting
original research work that has neither been published elsewhere nor submitted for publication
elsewhere and that the author(s) does/do have any objection to the publication of her/his/their
work in JMIIIMS and, also, that they are willing to transfer copyright in all forms for the relevant
paper(s) to the Department of Mathematics, Jamia Millia Islamia, New Delhi, India.

The JMIIJMS places heavy emphasis on originality of research contributions as well as
adherence to publishing ethics with respect to manuscripts submitted for publication and,
therefore, expects that author(s) ensure that her/his/their work does not contain reproduction of
previously published works by self/others without proper citation and, where required, copyright
permission from the relevant copyright holder(s).

The author(s) is/are requested to retain a copy of each manuscript submission. All
manuscripts will be refereed and, if required, the author(s) will be asked to revise the manuscript
keeping in view the referee's report. The JMIIIMS reserves the right to make reasonable editorial
modifications in the text of each accepted manuscript.

Acceptance of Paper

Upon receipt of acceptance for publication of a paper, the author(s) must submit one hard
copy and one soft copy (MS-Word or Latex) on a CD-Rom or via email at the earliest to the
Editor-in-Chief/Managing Editor of the complete manuscript containing error free text,
acknowledgement(s), figures (originals) and tables with relevant legends and captions,
respectively, and complete literature references as per the layout obtainable from the publisher.

In-case of a joint paper, the authors must specify the name, address and complete contact
details (phone, fax, cellular numbers and email) of the Corresponding Author. There are no page
charges for papers published in IMIIJMS. Each author will receive the final PDF file of her/his
paper for personal academic use from the Department of Mathematics, Jamia Millia Islamia, New
Delhi.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017



Paper Format

Each paper must contain the following:

Title: The title of the paper should be brief and informative. A short title may also be provided for the folio
line.

Author(s) Details: Complete name(s) and affiliation(s) of the respective contributor(s) along with the
address where the work was carried out must be inserted below the 'Title'. The name of the corresponding
author and his/her e-mail address must be mentioned. If the current address of the author(s) is different, it
should be given as a footnote on the Title' page.

Abstract: It should state the objective of the work and summarise the results giving their theoretical and
practical significance, as specifically as possible, in not more than 300 words.

Keywords: Three to five meaningful words/phrases appearing in the paper.
American Mathematical Society (AMS) Subject Classification 2000

Text: The text should clearly identify the hierarchy of the headings to separate the main headings from the
sub-headings. It may also include the following:

Tables: All the tables, mentioned at appropriate places in the text, should be submitted on separate sheets,
numbered serially in Arabic numerals. Each table must be accompanied with an appropriate caption. Tables
must present data in a clear manner.

Figures: All the figures, mentioned at appropriate places in the text, must be numbered in Arabic numerals.
The figures must be clear and easily reproducible drawing(s)/illustration(s), and carefully made using
standard software(s) like MS Excel, Corel Draw, Microsoft Power Point etc. Photographs, if unavoidable,
must be supplied on glossy paper. In case of graphs, the coordinates must be indicated on the margins. Each
figure must be accompanied with an appropriate caption. While submitting the originals/printouts, the
author(s) must ensure that each one of them is serially numbered and the author's name and 'Title' of the
paper is mentioned at the back of each figure / photograph. Hand drawn graphs and figures are not
acceptable.

A list of all the figures and tables captions should be separately mentioned and sent along with the
full paper.

Mathematical Equations: Complete equations must be clearly and correctly typed. They may be embedded
in the text using software(s) like MS Equation Editor or Latex. Subscripts and exponents must be accurately
placed. The equations must be numbered consecutively (use of sub-numbers must be avoided). Hand written
equations and formulae are not acceptable. References: In text, references must be indicated at the
appropriate place by giving Arabic numerals in square brackets. Literature must be listed and numbered at
the end of the text in the alphabatical order.

For example:

. Czaja, W., Kutyniok, G. and Speegle, D., 2006, "The Geometry of Sets of Parameters of Wave Packets",
Applied and Computational Harmonic Analysis, 20(1), pp. 108-125.

2. Daubechies, ., 1992, "Ten Lectures on Wavelets", CBMS-NSF Series in Appl. Math., SIAM,
Philadelphia, USA, pp. 23-27.

Standard abbreviations may also be used for a journal's name. In case of book(s), the edition,
name of the publisher and place of the publication should also be given.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017



Rights and Permissions

Copyright © 2010 Department of Mathematics, Jamia Millia Islamia, New Delhi, India. All
rights in JMI International Journal of Mathematical Sciences are reserved with Department of
Mathematics, Jamia Millia Islamia, New Delhi. No part of this publication may be reproduced,
stored, transmitted or disseminated, in any form or by any means, now known or developed in the
future, without prior written permission from the department of mathematics, to whom all
requests originating to reproduce copyright material should be directed, in writing.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 8, 2017






	Journal Inside
	Editor-8- 
	Contents-Vol 8
	New One Step Iteration Schemes for two set-valued nonexpansive mappings  7
	6.  Synchronization of 3D Autonomous Chaotic System using Active Nonlinear Control 38
	7. A q-Dunkl generalization of modified Szász-operators 45


	Combine
	Introduction
	Preliminaries
	3.   Weak and strong convergence theorems
	4.   convergence theorems without end point condition
	Introduction
	Some properties of the operator ,𝑻-𝒏.
	3 .  The Voronovskaya type theorem for ,𝑻-𝒏.
	4.    Voronovskaya type theorem for ,𝑻-𝒏-∗.
	Introduction
	Fourier Analysis on Local Fields
	Main Results
	1.  Introduction
	2.  System Description of 3D Autonomous Chaotic System
	2.1  Poincaré map, Bifurcation diagram and Impact of system parameters

	3.  Complete Synchronization of 3D Autonomous Chaotic System
	3.1  Design of Control Function
	3.2  Numerical Simulation

	4   Conclusion
	Introduction and preliminaries
	Construction of operators and moments estimation
	Main results
	Rate of Convergence

	Blank Page
	Blank Page
	Blank Page

