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Existence of solutions of general vector variational inequality
problem

Mohd. Furkan
University Polytechnic, Aligarh Muslim University, Aligarh 202002, India
E-mail: mohdfurkan786@gmail.com

Abstract: In this paper, we prove a Minty-type lemma for a new class of general vector variational
inequality problem in Banach spaces. Using this lemma and KKM-Fan Theorem, we prove an
existence theorem for general vector variational inequality problem. Further, we prove an existence
theorem without monotonicity condition. Furthermore, using minimax theorem and concept of
escaping sequence, we prove some existence theorems for the general vector variational inequality
problems. Our results generalize and unify the same well-known results for the vector variational
inequality.

Keywords: Operator of type g, variational inequality, Minty-type lemma, KKM mapping.
2010 Mathematics subject classifications: 49J30, 47H10, 47H17, 90C99.

1. Introduction

The concept of vector variational inequality was introduced by Giannessi [8] in a finite
dimensional space. Chen and Yang [4] considered general vector variational inequalities and
vector complementary problems in infinite dimensional spaces and Chen [2] considered
vector variational inequalities with a variable ordering structure. Yang [11] studied inverse
vector variational inequalities and its relations with vector optimization problem. Through
the last twenty years of development, existence results of solutions for several kinds of vector
variational inequalities have been derived and the vector variational inequality problem has
found many of its applications in vector optimization, set-valued optimization, approximate
analysis of vector optimization problems and vector network equilibrium problem. Because
of these applications, the study of vector variational inequalities has attracted wide attention.
Throughout this paper, unless is otherwise specified, we assume that X is a real Banach
space and X* is the topological dual of X. We denote by (x*, x) the value of the linear and
continuous functional x* € X* at x € X. Consider the set K € X and let A:K — X* and
a: K — X be two given operators. Let Y be a real Banach space and C: K — 2" be a set-
valued mapping such that for all x € K, C(x) is a closed, convex and pointed cone with apex
at origin and with nonempty interior intC(x).

In 2011, L&szI6 [9] studied the so-called general variational inequality of Stampacchia type

(in short, GVI) which consists in finding an element x € K such that
(A(x),a(y) —a(x)) =2 0,Vy € K.
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Existence of solutions of general vector variational inequality ... 2

Motivated by the work of LaszIé [9], we shall study the following general vector variational
inequality problem (in short GVVI): Find x € K such that
(A(x),a(y) — a(x)) &€ —intC(x),Vy € K. (1.1)

We prove a Minty-type lemma for GVVI (1.1) in Banach spaces. Using this lemma and
KKM-Fan Theorem, we prove an existence theorem for GVVI (1.1). Further, we prove an
existence theorem without monotonicity condition. Furthermore, using minimax theorem and
concept of escaping sequence, we prove some existence theorems for GVVI (1.1). Our results
generalize and unify some well-known results for the vector variational inequality.

2. Preliminaries
We recall some concepts and results which are used in establishing the results for GVVI
(1.2).

Definition 2.1. [7] Let K be a subset of a topological vector space X. A set-valued mapping
T:K — 2% is called a Knaster-Kuratowski-Mazurkiewieg mapping (KKM mapping) if for
each nonempty finite subset {x;,x,,...,x,} € K, we have Co{xy,...,x,} € U, T(x;),
where Co(A) is the convex hull of A.

Let X beareal linear space. For x,y € X, letusdenote by [x,y] ={z:= (1 —t)x + ty:t €
[0,1]} the closed line segment with the endpoints x respectively y. The open line segment
with the end points x respectively y is defined by (x,y):= [x,y|\{x,y}={z:= (1 —
x +ty:t € (0,1)}.

Definition 2.2. [9] Let X and Y be two real linear spaces. An operator a:K € X = Y is
said to be of type gl if forevery x,y € K and every z € [x,y] N K, a(z) € [a(x),a(y)].
Further, a is said to be of type strict gl if for every x,y € K,x #y and every z €
xy)N K, a(z) € (a(x),ay)).

Proposition 2.1. [9] Let a:/ € R = R be a function. Then a is of type gl if and only if a
is monotonic (increasing or decreasing).

Example 2.1. The function a: R — R defined by
a(x) = {xz,ifx > 0;
3x,ifx <0,
is of type gl as it is monotonic increasing.

Definition 2.3. Let X be areal Banach space, X* be itstopological dualand let A:K € X —
X" be an operator. We say that A is

(i) monotone if for every x,y € K,(A(x) — A(y),x —y) = 0;

(i) pseudomonotone if for every x,y € K, (A(x),x —y) = 0 implies (A(y),x —y) = 0.

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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Definition 2.4. [10] Let X be a real Banach space, X* be its topological dual and let A: K <
X - X* and a: K — X* be given operators. We say that A is

(i) monotone relative to a if for every x,y € K, (A(x) — A(y),a(x) — a(y)) = 0;

(i) a -pseudomonotone if for every x,y€K,(A(x),a(y)—a(x))=0 implies
(A(y),a(y) —a(x)) = 0.

Definition 2.5. A mapping a: X — Y is said to be completely continuous if and only if the
weak convergence of {x,} to x in X implies the strong convergence of {a(x,)} to a(x)
inY.

Now, we define the following.

Definition 2.6. Let X and Y be two real linear spaces and K € X. Let a,b: K — X be any
two operators. The operator a is said to be of type gl relative to b if for every x,y € K and
every z € [x,y]N K,a(z) € [b(x),a(y)]. Further, a is said to be of type strict gl relative
to b ifforevery x,y e K,x # y andevery z € (x,y) N K,a(z) € (b(x),a(y)).

We introduce the following definition.

Definition 2.7. Let X be areal Banach space, X* be its topological dual and let A:K € X —
X*. Let a,b: K —» X be any two operators. Let C be a closed, convex and pointed cone in
Y. Then A is said to be C(x)-monotone relative to a and b if for all x,y € K,(A(y) —

A(x), a(y) — b(x)) € C(x).

Definition 2.8. Let X be areal Banach space, X* be itstopological dualandlet A:K € X —
X* be an operator. We say that A is v-hemicontinuouson K, ifforany x,y,z € K and 1 €
(0,1), the mapping A — (A(x + A(y — x)), z) is continuous at 0.

Definition 2.9. [1] Let X be a topological space and K be a subset of X such that K =
Um=1 K, where {K,},—; is an increasing (in the sense that K, < K, ) sequence of
nonempty compact sets. A sequence {x,}n=, in K is said to be an escaping sequence from
K (relative to {K,}n=,) iff for each n=1,2,.... there exists m > 0 such that x; &
K, Vk = m.

Now, we need the following lemma and theorems to prove our existence results.
Lemma 2.1. [3] Let C be an ordering cone in Y. Then forany a,b,c €Y,

(i agb+C impliesthat a+c &b+ c+C;

(if) a € b + intC impliesthat a + ¢ € b + ¢ + intC;

(ili) a € b — C impliesthat a+c & b + ¢ — C;

(iv) a € b —intC impliesthat a + c € b + ¢ — intC.

Theorem 2.1. (KKM-Fan Lemma [7]) Let K be a subset of a topological vector space X
and let T: K - 2% be a KKM mapping. If for each x € K, T(x) is closed and for at least one

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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Existence of solutions of general vector variational inequality ... 4

x € K, T(x) is compact, then Nyex T(x) # .

Theorem 2.2. [9] Let X and Y be two real linear spaces, let K € X be convex and let
a:K =Y be an operator of type gl. Then for every n € N, every x;,x,,...,x, € K and
every x € Co{xq,x,,...,x,}, we have a(x) € Co{a(xy),a(xy),...,alxy)}.

Theorem 2.3. [7] Let K be a nonempty compact and convex set in a Hausdorff topological
vector space X. Let B be a subset of K x K having the following properties:

(i) for each x € K, (x,x) € B;

(ii) for each x € K, the set B, = {y € K: (x,y) € B} is closed;

(iii) for each y € K, the set B, = {x € K:(x,y) € B} is convex.

Then there exists a point y, € K such that K x {y,} € B.

Theorem 2.4. [6, 5] Let K be a nonempty convex subset of a Hausdorff topological vector
space X. Let T:K — 2% be a set-valued mapping such that

(i) for each x € K, T(x) is nonempty convex subset of K;

(i) for each y € K,T"1(y) = {x € K:y € T(x)} contains an open set 0, which may be
empty;

(iii) Uyex 0y = K;

(iv) there exists a nonempty compact and convex subset K; of K and points {x4,...,x,} in

K such that
n
D= ﬂ 0¢ c U Oy,
i=1

XEK,
where Oy is the complement of O, in K. Then there exists a point x, € K such that x, €

T (xo).

3. Existence of the Solutions of General Vector Variational Inequalities

Now, we prove the Minty-type Lemma.

Lemma 3.1. Let X and Y be two Banach spaces and C be a closed, convex and pointed
conein Y. Let K beany convex subsetof X and b: K — X be agiven mapping. Let a: K —
X be a given operator which is of type gl relative to b. Let A: K — X* be C(x)-monotone
relative to a and b and v-hemicontinuous on K. Then the following are equivalent:

(i) x € K,(A(x),a(y) — b(x)) & —intC(x),Vy € K;

(i) x € K,{A(y),a(y) — b(x)) & —intC(x),Vy € K.

Proof. Since A is C(x)-monotone relative to a and b, we have for all x,y € K,
(A(y) — A(x),a(y) — b(x)) € C(x).

(A(y), a(y) — b(x)) € (A(x), a(y) — b(x)) + C(x).
Now, let forall y € K,

This implies that

(A(x),a(y) — b(x)) & —intC(x).

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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Then by Lemma 2.1, we have forall y € K,
(A(y), a(y) — b(x)) & —intC(x).
Conversely, suppose that for all y € K,
(A(y), a(y) — b(x)) & —intC(x).
Since K is convex, then forany A € (0,1) and x,y € K,
(Aly + (1 = Dx),a(ly + (1 — D)x) — b(x)) & —intC(x),
i.e.
(A(x + A(y — x)), a(x + A(y — x)) — b(x)) & —intC(x).
Since a is of type gl relative to b, we have for all x,y € K,
a(x +A(y —x)) € [b(x),a(y)],
a(x+A(y —x)) = (1 — t)b(x) + ta(y), for some ¢ € (0,1),
i.e.
a(x +A(y —x)) = b(x) + t(a(y) — b(x)).

(A(x + Ay —x)), t(a(y) — b(x))) & —intC(x),
(A(x + A(y — x)),a(y) — b(x)) & —intC(x).
Since A is v-hemicontinuous, thenas 2 — 0%, we have forall y € K,

(A(x),a(y) — b(x)) & —intC(x).

Therefore,

This completes the proof.

Corollary 3.1. Let X and Y be two Banach spaces and C be a closed, convex and pointed
conein Y. Let K be any convex subset of X. Let a: K — X be a given operator which is of
type gl. Let A: K — X* be C(x)-monotone relative to a and v-hemicontinuous on K. Then
the following are equivalent:
(i) x € K,(A(x),a(y) —a(x)) € —intC(x),Vy € K;
(i) x € K,{A(y),a(y) —a(x)) & —intC(x),Vy € K.

Proof. The corollary can be proved by taking a = b in Lemma 3.1.
To prove the next lemma, we set for any y € K,

Fi(y) = {x € K:(A(x),a(y) — b(x)) & —intC(x)},

F,(y) = {x € K:(A(y), a(y) — b(x)) & —intC(x)}.
Now, we equip X with a weak topology, Y with a strong topology and X* with the strong
operator topology.
Now, we prove the following lemma.

and

Lemma 3.2. Let X be a Banach space and K c X be weakly compact. Let A: K — X* be a
vector valued function and let for y € K, A(y) be a completely continuous operator. Let
a:K — X be a given operator and b: K — X be upper semicontinuous. Let the set-valued
function W:K - 2Y with W(x) = Y\(—intC(x)) for every x €K be upper
semicontinuous on K. Then F,(y) is weakly closed for every y € K.

Proof. Let F,(y) be the weakly closed hull of F,(y). Then there exists a sequence

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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Existence of solutions of general vector variational inequality ... 6

{x1}xen € F»(y) which converges weakly to some x € K. Then, for every y € K, we have
(Ay), a(y) — b(xy)) & —intC(xk),

(A(¥), a(y) — b(xy)) € Y\(—intC(xx)).
(A(y), a(y) — b(x)) € W (xy)
Since A(y) is completely continuous then by upper semicontinuity of W and b, we have
(A(y), a(y) — b(x)) € W (x).

(A(y), a(y) — b(x)) & —intC(x).
Hence, x € F,(y), proving that F,(y) is weakly closed for every y € K.

or

This means that

This implies that

Now, we give the existence of solution of GVVI (1.1).

Theorem 3.1. Let X and Y be Banach spacesand K c X be nonempty, convex and weakly
compact. Let C:X — 2¥ be a set-valued mapping such that for every x € X, C(x) is a
closed, convex and pointed cone with non empty interior intC (x). Let the operator a: K — X
be of the type gl which is upper semicontinuous. Let A: K — X* be C(x)-monotone relative
to a and v-hemicontinuous on K and let for every y, A(y) be completely continuous
operator. Let W:K — 2¥ be a set-valued mapping with W (x) = Y\(—intC(x)) for every
x € K which is upper semicontinuous on K. Then GVVI (1.1) admits solution.

Proof. Define the set-valued mappings Fy, F,: K — 2% by

F1(y) = {x € K:(A(x), a(y) — a(x)) & —intC(x)},

F,(y) = {x € K: (A(y), a(y) — a(x)) &€ —intC(x)}
respectively. Now, we show that F; is a KKM mapping on K. Consider
n

and

X1,X2,...,Xn € K’Z ai=1a,20,i=12,...,n
i=1

n
X =Z a;Xx;

i=1
We show that x € F;(x;), for i = 1,2,...,n. Let us suppose on contrary x € F;(x;), for
some i. Then

Let

(A(x), a(x;) — a(x)) € —intC(x),fori = 1,2,...,n. (3.1)

Since a is of type gl, then by Theorem 2.2, we have

a(x) € Co{a(xq), a(xz),..., a(xn)}-
This implies that

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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a() = ) @alx),

i=1
On multiplying the inequalities in (3.1), one by one with «; and then adding, we have
n

(A(x),z a;a(x;) — a(x)) € —intC(x),
i=1

(A(x), a(x) — a(x)) € —intC(x),
which is contradiction. Therefore

n
CofaCxy), a(@) .. aw)} < | Fioxo.
i=1
Hence, F; is a KKM mapping on K.

Now, we show that F; (y) c F,(y), for y € K. For this, let x € F;(y). Then
(A(x),a(y) — a(x)) &€ —intC(x).
Now, A is C(x)-monotone on K, we have
(Ay) — A(x), a(y) — a(x)) € C(x).

(A),a(y) — a(x)) € (A(x),a(y) — a(x)) + C(x).

By Lemma 2.1, we obtain
(A(y), a(y) — a(x)) & —intC(x).
Therefore, x € F,(y). Hence, F;(y) € F,(y). This means that F, is also a KKM mapping.

ﬂ )= ﬂ F®).

yEK YEK
Now, by Lemma 3.2, F,(y) is weakly closed for every y € K. Since K is weakly compact
and F,(y) c K is weakly closed, we have that F,(y) is weakly compact. If we equip X
with weak topology, we can use the KKM Theorem for F,. This, in turn, implies that

This implies that

By using Corollary 3.1, we have

Therefore,

Then, there exists x, € K such that x, € Nyex F1(y). Hence, forall y € K,

(A(x0), a(y) — a(xo)) & —intC(xo).
This completes the proof.

Corollary 3.2. Let X be a reflexive Banach space and Y be a Banach space. Let K € X be
nonempty bounded, closed and convex. Let C: X — 2¥ be a set-valued mapping such that

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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forevery x € X, C(x) isaclosed, convex and pointed cone with non-empty interior intC (x).
Let the operator a: K — X be of the type gl which is upper semicontinuous. Let A: K — X*
be C(x)-monotone relative to a and v-hemicontinuous on K and let for every y, A(y) be
completely continuous operator. Let W:K — 2¥ be a set-valued mapping with W (x) =
Y\(—intC(x)) for every x € K which is upper semicontinuous on K. Then GVVI (1.1)
admits solution.

Proof. Since a bounded, closed and convex subset of a reflexive Banach space is weakly
compact, we obtain that K is weakly compact. Now, the proof is similar to that of Theorem
3.1

Next, we give the following theorem.
Theorem 3.2. Let X be a reflexive Banach space and Y be a Banach space. Let C: K — 2¥
be a set-valued mapping such that for all x € K, C(x) is a closed, convex and pointed cone
with nonempty interior intC(x). Let K be any nonempty closed, bounded and convex subset
of X with 0 € K. Let A:K — X* be C(x)-monotone relative to a, v-hemicontinuous and
let for every y, A(y) be completely continuous operator. Let the operator a: K — X be of
the type gl which is upper semicontinuous. If there exists some r > 0 such that forall y,z €
K,
(A(2),a(y) — a(0)) € intC(z), (3.2)
with || y ll= r, then there exists X € K such that forall y € K,
(A(%),a(y) — a(x)) &€ —intC(x).
Proof. Let B, = {x € X:ll x I<r}. As K and B, are closed and bounded subsets of the
reflexive Banach space X, we have that K n B, is weakly compact. Then by Corollary 3.2,
there exists x,- € K N B, such thatforall y € K N B,,
(A(xr), a(y) — a(xy)) & —intC(x;).
On putting y = 0, we have
(A(xr), a(0) — a(x,)) & —intC(x;),

(A(xy),a(0) — a(x,)) € Y\(=intC(x,)). (3.3)
Condition (3.2) implies that

(A(xr), a(y) — a(0)) € intC(x;). (3.4)
On combining (3.3) and (3.4), we obtain

(A(xr), a(y) — a(0)) + (A(xy), a(0) — a(x,)) € intC(xy) + Y\(—intC(x;)).
This implies that
(A(xr), a(y) — a(xy)) € intC(x;) + Y\(=intC(x,)).
Since intC(x,) + Y\(—intC(x,)) € Y\(—intC(x,)), this can be written as
(A(xr), a(y) — a(xy)) € Y\(=intC(xy)).

(A(xr), a(y) — a(xy)) & —intC(xy).

i.e.

This implies that

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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Since a isoftypeqgland |l x I< r,thenforany z € K and A € (0,1) sufficiently small, we
can write

a(y) = (1= Ma(x,) + 1a(2).
(A(x), (1 — Da(x,) + Aa(z) — a(x,)) & —intC(x,).
(A(xy), Aa(z) — a(xy))) & —intC(x;),

MA(xy), a(z) — a(xy)) & —intC(x;),

Therefore
This implies that
i.e.

or
(A(xr), a(z) — a(x,)) & —intC(x;).
This completes the proof.

Now, we prove the following theorem in more general setting.

Theorem 3.3. Let X be a Hausdorff topological vector space and Y be a Banach space. Let
K be a nonempty compact and convex subset of X. Let A: K — X™* be a nonlinear upper
semicontinuous mapping. Let C:X — 2 be a set-valued upper semicontinuous mapping
such that for every x € X, C(x) is a closed, convex and pointed cone with nonempty interior
intC(x). Let the operator a: K —» X be of type gl which is upper semicontinuous. Then
GVVI (1.1) has a solution.

Proof. Let assume for every y,z € K,

B={(y,z) e K XK:(A(2),a(y) — a(2)) & —intC(2)}.
This implies that

(y,¥) € B, foreveryy € K.

Now, define a set

B, ={z € K:(A(2),a(y) — a(2)) ¢ —intC(z),Vy € K}.
We show that B, is a closed set. Take any sequence {z,},ey in B, converging to z. Then
for every y € K, we have

(A(zn), a(y) — a(zy)) & —intC(zy).
Now, by the upper semi continuity of A, a and C, we have for every y € K,
(A(2),a(y) — a(z)) € —intC(z).

This means that z € B,,, proving that B,, is closed.
Next, we define a set

B, ={y € K:(A(2),a(y) —a(z)) € —intC(z),Vz € K}.
We show that B, is convex.
For this, let y;,y, € B, and 4 € (0,1). As y;,y, € K, then 1y; + (1 — A1)y, € K.
Since a is type gl, we have

(A(2),a(Ay; + (1 = Dy2) — a(2)) = (A(2), ta(y1) + (1 — t)a(yz) — a(2)), for some t
€ (0,1),
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=t(A(z),a(y;) —a(2)) + (1 — t)(A(2),a(y,) — a(z)),for some t € (0,1),
€ —tintC(z) — (1 — t)intC(z) = —intC(z),
ie.
(A(z),a(ly; + (1 = Dy,) — a(2)) € —intC(2).

Ay; + (1 =)y, €B,.
Hence, B, is a convex set for every z € K.

This implies that

Now, by using Theorem 2.3, there exists a point x, € K such that K X {x,} € B i.e. there
exists x, € K such that

_ (A(x0), a(y) — a(xo)) & —intC(xo),
which completes the proof.

Now, we prove the following theorem.

Theorem 3.4. Let K be a nonempty closed and convex subset of a Hausdorff topological
vector space X. Let Y be an ordered topological vector space and let C: K — 2¥ be a set-
valued mapping such that for all x € K, C(x) is a closed, convex and pointed cone with
nonempty interior intC(x). Let the operator a:K — X be of type gl which is upper
semicontinuous. Let A: K — X™ is C(x)-monotone relative to a and v-hemicontinuous on
K. For each y € K, define

Fi(y) = {x € K:(A(x),a(y) — a(x)) & —intC(x)},

F,(y) = {x € K:(A(y), a(y) — a(x)) & —intC(x)}.
Further assume that there exists a nonempty compact and convex set K; < K such that the
following condition is satisfied:
There exist points vy, v,,..., v, € k with

n

(] nor = Eeor.cs

YEK; i=1
Then the solution set S of GVVI (1.1) is nonempty.
Proof. We show that F,(y) is closed for each y € K. Take any sequence {z,}nen In Fy(y)
such that z, — z,. Then for each y € K,

(A, a(y) — a(zy)) & —intC(x).

(A(y), a(y) — a(zy)) € Y\(=intC(x)).
Since Y\ (—intC) is closed and a is upper semicontinuous, we have

(A), a(y) — a(20)) € Y\(=intC(x)),

(A(y), a(y) — a(2o)) & —intC(x),
which implies that z, € F,(y) showing that F,(y) is closed.

This implies that

i.e.

Next, we show that F;(y) c F,(y) foreach y € K. Take any x € F;(y). Therefore
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(A(x),a(y) — a(x)) &€ —intC(x).
Since A is C-monotone on K, we have for each x,y € K,

(A(y) — A(x),a(y) — a(x)) € C(x).
(A),a(y) — a(x)) € (A(x),a(y) — a(x)) + C(x).

(A(y), a(y) — a(x)) & —intC(x).
Then x € F,(y) proving that F;(y) c F,(y) foreach y € K.
Now, suppose that condition (3.5) is satisfied. Consider the following condition

(A(x),a(x) — a(y)) € intC(x), (3.6)

This implies that

Therefore

which may or may not hold. We prove the existence of solution in either case. Suppose that
condition (3.6) does not hold. Then, there exists x, € K such that for all y € K,

(A(x0), a(xo) — a(y)) & intC(x),
which, in turn, implies that

(A(x9), a(y) — a(xo)) & —intC(x).
Then x4 € S, the solution set of GVVI (1.1).
Now, suppose that condition (3.6) holds. In view of the Theorem 2.4, it is sufficient to prove
that there exists x, € K such that
(A(x), a(y) — a(x,)) & —intC(x).(3.7)
If there is no solution to the above problem (3.7), then for all x € K, we have

(A(x),a(y) — a(x)) € —intC(x),

(A(x), a(x) — a(y)) € intC(x).
Now, define a set-valued mapping T: K — 2K by
T(x) ={y € K:(A(x),a(y) — a(x)) € —intC(x)}.

Clearly, T(x) is nonempty. Now, we prove that T(x) is convex forall x € K. Let y,,y, €
T(x) and A € (0,1). Since K is convex and T'(x) € K, then Ay, + (1 — A)y, € K. Now,
as a is of type gl, we have

(A(x), a(Ay; + (1 — Dyz) — a(x)) = (A(x), ta(y,) + (1 — H)a(y,) — a(x)), for some ¢

€ (0,1),
=t(A(x),a(y) —ax))+ (A — t)(A(x),a(y,) — a(x)),for some t € (0,1),
€ —tintC(x) — (1 — t)intC(x) = —intC(x).

i.e.

This implies that
Ay + (1 =y, €T(x).
Hence, T(x) isa convex set forall x € K.
Further, for each y € K,
T'(y) = {x €K:y € T(x)},
={x € K:(A(x),a(y) — a(x)) € —intC(x)},
={x € K:(A(x),a(y) —a(x)) & —intC(x)}°,
> ({x € K:(A(x), a(y) — a(x)) & —intC(x)})",
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=) =00),
which is relatively open in K.
Since, condition (3.6) holds then for each y € K, there exists x € K such that

x € R € Fi(»)"

U ror=]om=x

YEK YEK
Now, from condition (3.5), there exists points vy, v,,..., v, € K such that
n

() 0w < own.

YEK; i=1
Thus, all the assumptions of Theorem 2.4 are satisfied. Hence there exists x, € T(x),
i.e.

and hence

(A(x0), a(xo) — a(xg)) € —intC(x),
which is a contradiction.

Hence, the problem (3.7) has a solution and the theorem is proved.
Next, using the concept of escaping sequence, we show the existence of solution.

Theorem 3.5. Let X be a Hausdorff topological vector space, let K be a subset of X such
that K = Uy~ K, Where {K, }5—; is an increasing sequence of nonempty, compact and
convex subsets of K and let Y be a regular topological vector space. Let A:K — X* be
C (x)-monotone relative to a, v-hemicontinuous and completely continuous and let a: K —
X be of the type gl which is upper semicontinuous on K. Let C: K — 2¥ be a set-valued
mapping such that for all x € K, C(x) is a closed, convex and pointed cone with nonempty
interior intC(x) and let W:K — 2Y, defined by W(x) = Y\(—intC(x)), be upper
semicontinuous. Further, let for each sequence {x,}n=; in K with x,, € K,,,vn =1,2,3,..,
which is escaping from K relative to {K,}-, there exists m € N and z,, € K,,, such that

(A(xp), a(zy) — a(xy)) € —intC (xy,). (3.8)

Then there exists x, € K such that for all y € K,

(A(x0), a(y) — a(xo)) & —intC(xo).
Proof. By using Theorem 3.3, for all n € N, there exists x,, € K,, such that for all z € K,,,
we have

(A(xp),a(z) — a(x,)) & —intC(xy,). (3.9

Suppose that the sequence {x,}n=; be escaping from K relative to {K,},=,. Then by the
given condition (3.8), there exists z,, € K,, such that

(A(xm), a(zm) — a(xy)) € —intC(xpy),
which contradicts (3.9). Therefore, {x,}n=, is not an escaping sequence from K relative to
{Kn}n=1. Then there exists p € N and there is some subsequence {x; } of {x,};-; which
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must lie entirely in K,,. Since K,, is compact, there is a subsequence {x; }; er of {x; } in
K, andthere exists x € K, suchthat x; — x where i, — . Since {K,},-; isincreasing,
for all y € K there exists iy € I' with iy > p such that y € K;  and for all i, €T and
in > i, We have y € K; < K; such that
(A(x;,), a(y) — a(x;,)) € —intC(x;,).
This implies that
(A(xi,), a(y) — a(xy,)) € Y\(=intC(x;,)),

i.e.

(Ax;,),a(y) = alx;,)) € W(xy,).
Since A is completely continuous, we may obtain that there exists x, € K such that
A(x;,) = A(xo) as i, — . Now, by the continuity of inner product and semicontinuity of
a, we have

(A(xi,), a(y) — a(xg,)) = (A(Xo), a(y) — a(xo))-

Since W is upper semicontinuous and Y be regular, we have

(A(x0), a(y) — a(xo)) € W(xo).

(A(x0), a(y) — a(xo)) & —intC(xo),
and this completes the proof.

This implies that

Example 3.1. Let X =Y =R, K, =[2,n+ 2], n=1,23,... and K = Up~; K,,, Where
{K, }m=1 is an increasing sequence of nonempty, compact and convex subsets of K. Let for
all x € K, C(x) = [0, +oo[ be aclosed, convex and pointed cone. Letforall x € K, A:K —
X* be defined by A(x) = x and a: K — X be such that a(x) = 2x. Now, by using

Theorem 3.3. for all n € N, there exists x,, = 2 € K, such that for all z € K,,,

(A(xp), a(z) — a(xy)) = x,(2z — 2x,) = 2(2z —4) = 0.
By condition (3.8) of Theorem 3.5, it can be easily seen that {x,},=, iS not an escaping
sequence from K relative to {K,}n=; and hence x, = 2 € K is such that for all y € K,

(A(x0),a(y) — a(xo)) = xo(2y — 2xo) = 2(2y — 4) 2 0.
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Abstract: In order to construct Riemannian manifolds with negative sectional curvature, the notion of
warped products was first defined by Bishop & O’Neill in [22]. In general, doubly warped products
can be considered as generalization of warped products. In this paper, we give complete classification
of a warped product bi-slant submanifold in a trans-Sasakian manifold under a geometric condition.
In continuation, we prove the non-existence property for doubly warped product bi-slant submanifolds
in trans-Sasakian manifolds. Moreover, we check the existence of doubly warped product bi-slant
submanifolds in different ambient manifolds such as Sasakian, Kenmotsu and cosymplectic manifolds.
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1. Introduction

The warped products were first defined by Bishop and O’Neill [22]. They used this concept
to construct Riemannian manifolds with negative sectional curvature. In general, doubly
warped products can be considered as a generalization of warped products. Beem and Powell
considered these products for Lorentzian manifolds in [15]. Then Allison [11] considered
causality and global hyperbolicity of doubly warped products and null pseudocovexity of
Lorentzian doubly warped products in [12]. Conformal properties of doubly warped products
are studied by Gebarowski [1]. B.Y. Chen [8, 9] was the first who initiated the study of
warped product submanifolds by showing that there do not exist warped product CR-
submanifolds of the type M, X My and he considered warped product CR-submanifolds
of the types M X M, and established a relationship between the warping function f and
the squared norm of the second fundamental form. Later on, the geometrical aspect of warped
products and doubly warped products had been studied by many researchers (for example
[20, 23, 24, 25]).

The notion of bi-slant submanifolds was defined by A. Carriazo et al. [16] as a generalization
of contact CR, slant and semi-slant submanifolds. Such submanifolds generalize invariant,
anti-invariant and pseudo-slant submanifolds as well. Many articles on warped product
submanifolds of trans-Sasakian manifolds are available in literature [19, 20, 26]. By
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generalizing the notion of warped product bi-slant submanifolds in trans-Sasakian manifolds,
in the present paper, we wish to check the existence of other product bi-slant submanifolds
such as doubly warped products in trans-Sasakian manifolds.

Our work is structured as follows: Section 2 is preliminary in nature. In this section, we
present basic material about trans-Sasakian manifolds, warped products and bi-slant
submanifolds. In Section 3, we give complete classification of a warped product bi-slant
submanifold in a trans-Sasakian manifold (Theorems 1 and 2) with an example (Example 2).
In Section 4, we check whether the doubly warped product bi-slant submanifolds in trans-
Sasakian manifolds exist or not (Theorems 3 and 4). Sections 5 and 6 deal with the
applications of the results (Theorems 3 and 4) obtained in Section 4.

2. Preliminaries
An odd dimensional differentiable manifold M has an almost contact structure (.19

if there exists on M a tensor field ¢ of type (1, 1), a vector field &, a 1-form 7 and a
Riemannian metric g such that [17]

PpP=—1+nQ¢& ¢E=0, n) =1 n(d)=0 nX)=g9KX%, (@
g(@X,¢Y) =gX,Y) —nX)n(Y), g(@X,Y)+g(X, ¢Y)=0. (2)

Here and in the sequel X,Y,Z,... always denote arbitrary vector fields on M. The
fundamental 2-form ¢ on M is defined by
p(X,Y) = g(9X,Y).

An almost contact metric structure (¢, &,n,g) on M is called a trnas-Sasakian structure
[14] if (M x R,J,G) belongs to the class W, of the Gray-Hervella classification of almost
Hermitian manifolds [3], where J is the almost complex structure on M x R defined by

JX,ad/dt) = (¢X — a&,n(X)d/dt)
for all vector fields X on M and smooth functions a on M X R and G is the product
metric on M x R. This may be expressed by the following condition:

(Vx®)Y = a(g(X,Y)E —n()X) + B(g(PpX,Y)E — n(V)$X) (3)

for some smooth functions a and B on M and this trans-Sasakian structure is termed as
structure of type (a, B).

A trans-Sasakian of type
1. (a,0) is a —Sasakianif g = 0;
2. (0,B) is B —Kenmotsu a = 0;
A trans-Sasakian structure of type (a, ) is
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1. Sasakianif  =0,a =1;
2. Kenmotsu a =0, =1;
3. cosymplecticif a = = 0.

Let M be any submanifold in a Riemannian manifold M. We put dim M = n and dim
M = 2m + 1. The Riemannian metric for M and M is denoted by the same symbol g.
Let TM and T+M denote the Lie algebra of vector field and set of all normal vector fields
on M respectively. The operator of covariant differentiation with respect to the Levi-Civita

connection in M and M is denoted by V and V, respectively. The Gauss and Weingarten
formulas are, respectively, given as [17]

ViY = VY + h(X,Y) 4)
and

ViV = —A,(X) + V3V ®)

for any vector fields X,Y € TM and V € TtM. Here h is the second fundamental form,
A is the shape operator and V* is the operator of covariant differentiation with respect to
the linear connection induced in the normal bundle T+M .

The second fundamental form and the shape operator are related as [17]

for any vector fields X,Y € TM and V € T M. Here g denote the induced metric on M
as well as the Riemannian metric on M. Moreover, the covariant derivative of the tensor
filed ¢ is defined as

(Vx @)Y = VyopY — ¢V, Y. (6)

Let o € M and {&,,...,E,} be alocal orthonormal frame of T, M and {&,44, ..., Eame1}
be a local orthonormal frame of Tg%]v[ . The mean curvature vector 7 of a submanifold M
at g is given by [17]

n
1
= ’_‘Z h(E, E)).
i=

Also, we set
hi; = g(h(&, ), &), Lj€{l..,n}, r€{n+1,..2m+1}
and

n
||R]|? = Z g(h(€;, €)), h(E;, E))).
ij=1
A submanifold M of M is said to be [17]
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» totally umbilical if h(X,Y) = g(X,Y)H for any vector fields X,Y € T\M;
» totally geodesic if h(X,Y) = 0 for any vector fields X,Y € TM;
e minimal if /' = 0, i.e., trace h = 0.

For any vector field X € TM, we put [17]

dX = PX + FX, (7)
where PX = tan(¢X) and FX = nor(¢X). Then P is an endomorphism of TM, and F
is the normal bundle valued 1 —form on TM.

In the same way, for any vector field V € T+M, we put [17]
¢V = BV +CV, (8)
where BV = tan(¢V) and CV = nor(¢V).

It is easy to see the following formulas:

g(PX,Y) = —g(X, PY) (©)
g(Cu, V) =—g(U,cV) (10)
g(FX,V) = —g(X,BV) (11)

for any vector fields X,Y € TM and U,V € T+M. For other geometric relations, see [17].
Following are the different classes of submanifolds in trans-Sasakian manifolds:

Definition 1. A submanifold M of an almost contact metric manifold M is said to be
invariant if £ = 0, thatis, ¢X € TM, and anti-invariant if 2 = 0, that is, ¢pX € T+M, for
any vector field X € T)M.

In contact geometry, A. Lotta introduced slant immersions as follows [4]:

Definition 2. Let M be a submanifold of an almost contact metric manifold M. For each
non-zero vector X tangentto M at p, the angle 8(p) € [O,%], between ¢pX and PX is

called the slant angle of M. If the slant angle is constant for each X € TM and p € M,
then the submanifold is called the slant submanifold.

For slant submanifolds, the following facts are known [21]:

PA(X) = cos?0(—X + n(X)é), (12)
g(PX,PY) = cos*0(g(X,Y) — n(¥)n(X)) (13)
and
g(FX,FY) = sin*6(g(X,Y) —n(¥)n(X)) (14)
JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
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for any vector fields X,Y € TM, where 6 is the slant angle of M.

There are some other important classes of submanifolds which are determined by the
behavior of tangent bundle of the submanifold under the action of an almost contact metric

structure ¢ of M [25]:
1. A submanifold M of M is called a contact CR-submanifold of M if there exists

a differentiable distribution D on M whose orthogonal complementary distribution D+ is
anti-invariant.

2. A submanifold M of M is called semi-slant submanifold of M if there exists a
pair of orthogonal distributions D and Dy such that D isinvariantand Dy is proper slant.

3. A submanifold M of M is called pseudo-slant submanifold of M if there exists a
pair of orthogonal distributions D+ and Dy such that D+ is anti-invariant and Dy is
proper slant.

Definition 3. [16] A submanifold M of an almost contact metric manifold M is said to be
a bi-slant submanifold if there exists a pair of orthogonal distributions Dy, and Dg, of M
such that

1. TM admits the orthogonal direct decomposition: TM = Dg & Dy, D {£};

2. Each distribution Dy, is slant with the slant angle 6; for i = 1,2.

A bi-slant submanifold of an almost contact metric manifold M is called proper if the slant
distributions Dy, and Dy, are of the slant angles 64,6, # 0, g
If we assume
1. 6,=0and @, = g then M is a CR-submanifold:;

2. 6;=0and 6, # 0,7, then M is a semi-slant submanifold;
3. 6, =7 and 6, # 0,7, then M is a pseudo-slant submanifold.

For a bi-slant submanifold M of an almost contact metric manifold, the normal bundle of
M is decomposed as

TiM = FDg, © FDg, D u, (15)
where u isa ¢-invariant normal subbundle of M.

3. Warped Product Bi-slant Submanifolds

Definition 4. [22] Let (M3, g,) and (M, g,) be two Riemannian manifoldsand f > 0 be
a differentiable function on M;. Consider the product p: My X M, — M; and &: M; X
M, — M,. The projection maps given by p(p,q) =p and &§(p,q) = q for any (p,q) €
My X M. Then the warped product M = M; X M, is the product manifold M; X M,
equipped with the Riemannian structure such that
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gX,Y) = g1(p*X,p*Y) + (fop)?g,(67X,8*Y) (16)

forany X,Y € TM, where * is the symbol for the tangent maps, and we have g = g, +
f2g,. The function f is called the warping function of M.

In particular, a warped product manifold is said to be trivial if its warping function is constant.
In such a case, we call the warped product manifold a Riemannian product manifold. If M =
My Xz M, is a warped product manifold then M is totally geodesic and M, is totally
umbilical submanifold of M, respectively [22].

Let M = M; X M, be a warped product manifold with the warping function f. Then
VyZ =V, X = (XInf)Z

foreach X € TM;, and Z € TM,, where Xinf isthe gradient of Inf and V denotes the

Levi-Civita connection on M.

Example 1: The standard space-time models of the universe are warped products as the
simplest models of neighbourhoods of stars and black holes.

Now, we define the notion of warped product bi-slant submanifolds in a trans-Sasakian
manifold as follows:

Definition 5. A warped product M; Xy M, of two slant submanifolds M; and M, of a
trans-Sasakian manifold M is called a warped product bi-slant submanifold.

A warped product bi-slant submanifold M; X M, is called proper if M; and M, are

proper slant in M. Otherwise, the warped product bi-slant submanifold M; Xr M is
called non-proper.

At this moment, we need the following lemma, which shall be required to prove our main
results of this section:

Lemma 1. Let M' = M, Xy M, be a warped product bi-slant submanifold with bi-slant
angle {6,,0,} in a trans-Sasakian manifold M. Then, forany X; € TM; and X,,Y, €
TM,,

9g(h(X1, X3), FY,) = g(h(Xy, Y2), FX3)
holds.
Proof. For any X, € TM; and X,,Y, € TM,, we have

g(h(XLX_z)'TYz) = g(vxle»(,sz) - Q(VX1X2:?Y2)
= —g(¢pVx, X2, Y2) — (X1Inf)g(X,, PY,) an
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= g((vxld))Xz' Y;) - g(vxl(PXz'Yz) — (X1lnf)g(Xz, PY,)
= g(ATXZXLYZ)'

where we have used

(ﬁxld))Xz = a{g (X1, X2)§ — n(X2X1)} + B{g(PX1, X2)§ — n(X)dX4}
Hence, we get our assertion from (17).

For a warped product bi-slant submanifold in a trans-Sasakian manifold such that ¢ € TM7,
we have the following result:

Theorem4.1: Let M = M, X M, be a warped product bi-slant submanifold with bi-

slant angle {6,,6,} in a trans-Sasakian manifold M such that & € TM;;. Then one of
the following these cases must occur:
1. M is awarped product pseudo-slant submanifold such that M., is a totally real

submanifold M+ of M;

2. If M is a —Sasakian manifold, i.e., § = 0, then M is a Riemannian product;
3. If B #0,then fn(X;) = (X1Inf).

Proof. Forany X; € TM; and X,,Y, € TM,, we have

g(h(X1,X3), FY,) = g(vxle'ﬁbyz) - g(vxle'?yz)
= —(PX,Inf)g(Xz, Y2) + g(h(X3, Y2), FXy) — an(X,)g (X2, Y2)
—Bn(X1)g(PXy, Y2) — (Xq1Inf)g(X,, PY,) (18)

Interchanging the role of X, by Y, in equation (18), we find that

g(h(Xy,Y2), FX;) = —g(vYZ?XLXZ) - g(szj:Xl'XZ) —an(X)g (Y2, X3)
—Bn(X1)g(PYy, X3) — (XqInf)g(Yz, PX>). (19)

Subtracting (19) from (18), we get
g(PYy, X5)[-(Xyinf) + Bn(X1)] = 0,
where we have used Lemma 3. Now, for X, = PX,, we get

05?0, g(Y2, X2)[-(X1Inf) + Bn(X1)] = 0.
From the last expression, any one of the following can hold:

0] if cos?8, =0, then 6, =§ (i.e., M is awarped product pseudo-slant
submanifold of M) or
(i) if B =0,then f isconstant (i.e., M isa Riemannian product) or

(iii)  if B # 0, then Bn(X,) = (X1Inf).
This completes the proof of our theorem.
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For a warped product bi-slant submanifold in a trans-Sasakian manifold such that ¢ €
TM,, we have the following result:

Theorem 4.2:  Let M = M, Xy M, be a warped product bi-slant submanifold with bi-
slant angle {6;,8,} in a trans-Sasakian manifold M such that & € TM,. Then one of
the following these cases must occur:

(i) M is a warped product pseudo-slant submanifold such that M, is a totally real
submanifold M+ of M;
(i) M is aRiemannian product.

Proof. Forany X; € TM; and X,,Y, € TM,, we have

g(h(X1,X2), FY,) = g(vxle'ﬁbyz) - g(VXZXL:PYZ)
= —(PX,Inf)g(X3, Y2) + g(h(X,, Y2), FXy)
+(X1Inf)g(PX,,Y,) (20)

Interchanging X, by Y, in equation (20), it follows that
g(h(X1, Y2), FX3) = —(PX1inf)g(X3, Y2) + g(h(X3, Y2), FX1)
+X1Inf)g(PYz, X). (21)
Subtracting (21) from (20), we obtain
g(h(X1,X3), FY,) — g(h(X1, Y2), FX3) = 2(X1Inf)g(PY2, X3)

Using Lemma 1 and we deduce that
(X1Inf)g(PY,, X;) =0
For X, = PX,, we get
cos?0,(X1Inf)[g (Y2, X2) — n(X)n(¥Yz)] = 0.

Therefore, either

(i) 6, =7 or

(if) f is constant.
Hence, our assertions follow.

We give an example of warped product bi-slant submanifold of the form M = My x M,
whose bi-slant angles 6, # 0,% and 6, = % Such warped product bi-slant submanifolds

are called pseudo-slant submanifolds. In particular, we can obtain an example of warped
product pseudo-slant submanifold, of type M, X My with & € TM , in the setting of
Kenmotsu manifold. The example is as follows:

Example 2: Recalling example 3.1 in [13]. Consider the complex space C* with the usual

Kaehler structure and real global coordinates (X1, V1, X2, Vo, X3, V3, X4, Vs ). Let M =
R X C* be the warped product between the real line R and C*, where warping function is
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et and t being the global coordinates in R, then M is a Kenmotsu manifold. Now
defining the orthogonal basis

&L =0/0xq,

&, =0/0y3,

E3 = c0500/0y, — sinB0/0x,,
E4 =c0500/0x, + sinfd/0y,,
Es =0/0t.

Obviously the distributions Dg = {&3,&,} and D, = {&;, &4, E,} and denoted by My and
M, then M = Mg X¢ M, is a pseudo-slant warped product submanifold isometrically

immersed in M, here the warping function is f = e®.

4. Doubly warped product bi-slant submanifolds

In general, doubly warped products can be considered as a generalization of warped products.
Let (M4, g,) and (M5, g,) be Riemannian manifolds. A doubly warped product (M, g)
is a product manifold which is of the form M =, M, x; M with the metric g = f?g, ®
f2g,, Where f: M; X M, — (0,00) and fp: M; X M, — (0, ) are smooth maps. More
precisely, if p: My X M, — M; and &: My X M, — M, are natural projections, the
metric g is defined by

gX,Y) = (£,08)291(p"X, p’Y) + (f10p)? g2 ("X, 8°Y) (22)

forany X,Y € TM, where * is the symbol for the tangent maps. The function f; and f,
are called the warping functions of M.

Remarks 5. If we assume
1. either f; =1 or f, = 1, but not both, then we obtain a warped product.
2. both f; =1 and f, = 1, then we have a product manifold.
3. neither f; nor f, is constant, then we have a non-trivial doubly warped product.

Now, we define the notion of doubly warped product bi-slant submanifolds in a trans-
Sasakian manifold as follows:

Definition 6. The doubly warped product of two slant submanifolds, M, Xz M, is called
the doubly warped product bi-slant submanifold of slant submanifolds M; and M, with
slant angles 6, and 8,, respectively, of a trans-Sasakian manifold with warping functions
f1 and £, if only depend on the points of M; and M,, respectively.

For doubly warped product bi-slant submanifold M of a trans-Sasakian manifold M, we
have
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for any vector fields X € TM; and Y € TM,,.

Theorem4.3:  Let M = M; Xz M, be a doubly warped product submanifolds in a
trans-Sasakian manifold M, where M; and M, are Riemannian submanifolds of M
and & € TM;y. Then M is a warped product submanifold in the form M; x M if
and only if

gh(X,Y),FX) = g(h(X,X),FY) (24)
for any vector fields X € TM; and Y € TIM,.

Proof. From equation (2.12) of [19], we get

(VxP)Y = AzyX + Bh(X,Y)
for any vector fields X € TM; and Y € TM,.

Applying (23) and we derive
(PYInf,)X — (Yinf,)PX = Bh(X,Y) + AxyX.
Taking inner product with X € TM;, we obtain
PYInf)IIX]1? = g(h(X,X), FY) — g(h(X, V), FX).
Thus, from last relation, we conclude that (PYinf,) = 0 if and only if
g(h(X,Y),FX) = g(h(X,X),FY)
for any vector fields X € TM; and Y € TM,,.

We conclude from (PYInf,) = 0 that f, depends only on the points of M;. Hence, M is
a warped product bi-slant submanifold in the form M X, M. This completes the proof of
the theorem.

At this moment, we need the following lemma which shall be helpful in proving next result
of this paper:

Lemma 2. In a doubly warped product bi-slant submanifolds M =¢, M; X, M, of a

trans-Sasakian manifold M, where M, and M, are proper slant submanifolds with
respect to 6, and 6,, respectively and & € TM,, the following relation holds

g(h(PX,Z),FX) = g(h(X,Z), FPX)
for any vector fields X € TM; and Z € TM,,.

Proof. For any vector fields X € TM; and &,Z € TM,, we have
9(h(PX,2),FX) = g(V,PX, FX)
= g(PX,VzPX) — g(PX,V;¢X)
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= g(PX,V;PX) — g(PX, (Vz)X) — g(PX, pV X
= c0s%0,(ZInf,)||X]|* + g(FPX,h(X,Z) — cos?8,9(X,V,X)
=g(h(X,Z),FPX).

Hence, our assertion follows.

Theorem 4.4:  Let M =, My Xz M, be a doubly warped product bi-slant submanifolds

in a trans-Sasakian manifold M, where M; and M, are proper slant submanifolds
with respectto 6, and 6., respectively and é € TM,. Then M is awarped product bi-
slant submanifold in the form M; X, M.

Proof. For any vector fields X € TM; and Z,¢§ € TM,, we have
9(h(PX,X),FZ) = g(VpxX, $Z) ~
= 9((Vex )X, Z) — g(Vpx X, Z)
= g(VpxZ,PX) + g(h(PX, Z), FX) — Bcos?6,n(Z)||X]|?
= c0s%0,(ZInfy)||X]|? + g(h(PX,Z),FX)
—Bcos?0,n(Z)|1X]1%. (25)

On the other hand, using PX in the place of X, we derive

g(h(PX,X),FZ) = —cos?0,(ZInf,)||X||*> + g(h(X,Z),FX)
—Bcos?0,n(Z)||1X]|>. (26)

Subtracting (25) from (26), we get
2c0s%0, (ZInf)||X||? + g(h(PX, Z), FX) — g(FPX, h(X, Z)). (27)

From (27) and Lemma 2, we find that ZInf, = 0 for all Z € TM,. This shows that f,
depends only on the points of M. Hence, M is a warped product bi-slant submanifold in
the form M X, M. This proves the theorem completely.

5. Some Applications of the Theorem 3 for Different Kinds of Ambient Manifolds
Corollary 1. Let M =¢ M, Xz M, be a doubly warped product submanifolds in a
Sasakian manifold M, where M; and M, are Riemannian submanifolds of M and ¢ €
TM;. Then M is a warped product submanifold in the form M X, M, if and only if (24)
holds.

Corollary 2. Let M = M, X; M, be a doubly warped product submanifolds in a
Kenmotsu manifold M, where M; and M, are Riemannian submanifolds of M and ¢ €
TM;. Then M is a warped product submanifold in the form M; X, M, if and only if (24)
holds.
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Corollary 3. Let M = M; Xz M, be a doubly warped product submanifolds in a

cosymplectic manifold M, where M; and M, are Riemannian submanifolds of M and
§ € TM;. Then M is a warped product submanifold in the form M; X, M, if and only if
(24) holds.

6. Some Applications of the Theorem 4 for Different Kinds of Ambient Manifolds
Corollary 4. Let M’ = My Xz M, be a doubly warped product bi-slant submanifolds in

a Sasakian manifold M, where M; and M, are proper slant submanifolds with respect to
6, and 0,, respectively and & € TM,. Then M is a warped product bi-slant submanifold
in the form M, Xz M.

Corollary 5. Let M’ = My Xz M, be a doubly warped product bi-slant submanifolds in

a Kenmotsu manifold M, where M; and M, are proper slant submanifolds with respect
to 6, and 8., respectively and & € TM,. Then M is a warped product bi-slant
submanifold in the form M X M.

Corollary 6. Let M’ = My Xz M, be a doubly warped product bi-slant submanifolds in

a cosymplectic manifold M, where M; and M, are proper slant submanifolds with
respect to 6, and 6,, respectively and & € TM,. Then M is a warped product bi-slant
submanifold in the form M X M.
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Abstract: It is well established that quantum criticality is one of the most intriguing
phenomena which signals the presence of new states of matter. Without prior knowledge of
the local order parameter, the quantum information metric (or fidelity susceptibility) can
indicate the presence of a phase transition as well as it measures distance between quantum
states. In this work, we calculate the distance between quantum states which is equal to the
fidelity susceptibility in quantum model for a time-dependent system describing a two-level
atom coupled to a time-driven external field. As inspired by the Landau-Zener quantum
model, we find in the present work information metric induced by fidelity susceptibility. We,
for the first time, derive a higher-order rank-3 tensor as a third-order fidelity susceptibility.
Having computed quantum noise function in this simple time-dependent model we show that
the noise function eternally lasts long in our model.

Keywords: Fidelity Susceptibility; Quantum Information Theory; Information Metric
89.70.+c; 03.65.Ta; 52.65.Vv

1. Introduction

Quantum criticality is one of the most intriguing phenomena which is crucial for interpreting
a wide variety of experiments. is well known, it signals the presence of new states of matter
[1]. In order to observe exotic features at quantum critical point, one has to study systems in
the thermodynamic regime involving large numbers of interacting particles, which encounter
experimental and theoretical limitations [2]. Despite consisting only of a single-mode cavity
field and a two-level atom, the authors of Ref.[3] show that the Rabi system exhibits a
guantum phase transition (QPT). They demonstrate that the super radiant QPT primarily
studied for systems of many atoms can be achieved with systems of a single one.

In recent years, there was a great deal of interest in studying QPTs from different perspectives
of quantum information science [4], e.g., quantum entanglement [5, 6] and quantum fidelity
[7, 8, 9, 10]. At the phase transition point, physical observables exhibit singular behavior
governing the most dramatic manifestations of the laws of statistical and quantum mechanics.
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In order to probe the phase transition, the fidelity susceptibility draws one of the most
promising machines in which no prior knowledge of the order parameter and the symmetry
of the system are required [13]-[20]. Regarding these works, the connection between the
guantum information theory and condensed matter physics can be in principle achieved
which might allow us to deepen our understanding in the various condensed matter
phenomena. Notice that the concept of the fidelity susceptibility was originally introduced in
Ref. [7]. In a recent study [21], the fidelity both in the susceptibility limit and the
thermodynamic limit has been nicely summarize. Furthermore in Ref. [22], quantum
information metric has been investigated near critical points.

An obvious physical example of QPTs using the quantum fidelity approach recently is given
in [10],[22]. It was illustrated that at two sides of the critical point g. of a quantum many
body system the ground state wavefunctions have different structures Ref. [11]. Then,
consequently, this may lead to the overlap of the two ground states which are separated by a
small distance g in the parameter space and then might emerge. In general, at the critical
point g. the distance can be parameterized via |Wy(g)|¥o(g + dg)| which is minimum.
Therefore, the structure of the ground state of a quantum many-body system experiences a
significant change because the system is driven across the transition point adiabatically. As
a consequence, we expect that the fidelity susceptibility should be maximum (or even
diverse) at the transition point, [7]. We notice that in various systems many authors have
investigated the QPTs from the fidelity point of view [10, 7, 12]-[17]. They have shown that
the fidelity susceptibility can be considered to be a simple approach in determining the
universality of quantum phase transitions [12]-[17]. Interestingly, in [23], the quantum
information metric gravity dual in conformal field theories has just been examined.

In this work, we study the fidelity susceptibility in quantum model for a time-dependent
system describing a two-level atom coupled to a time-driven external field. We analytically
investigate the behavior of fidelity susceptibility in the time driven quantum model when the
potential V is time-dependent. The organization of the paper is as follows. In Sec.2, we
explore the mathematical foundations for fidelity susceptibility in time-dependent systems.
In Sec.3, the two-level Landau-Zener problem is analyzed. In Sec.4, an experimental method
based on noise function is proposed. In Sec.5, the higher-order correction to fidelity
susceptibility is calculated. Finally, we conclude our findings in the last section.

2. Mathematical formulation of fidelity susceptibility in time-dependent driving systems

In this section we will formulate fidelity susceptibility for a general time-deriving system
with two levels. Let us consider a physical system with non-perturbative time dependent
Hamiltonian H, in operator form:

0
; ) _ (0)
Naevie = b M

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Quantum Information metric for time-dependent ... 30

Our aim is to find perturbed wavefunctions with Hamiltonian H = H, + V(t) when
|V (t)| < |Hy|. Note that here V' is considered to have off diagonal components, i.e, V., =

¢(°)|V|¢»(°) # 0. Suppose that the perturbative solution for H can be technically written in

the following form:
Y = z akl/)(O)
)

where a; = a;(t). Substituting (2) into Schrodinger equation and multiplying by zl),(r?), we

obtain:
da
lh_m Z mG(t)ak,
®3)
where
EQ_g®
*(0 0 -m ko
Vi (®) = [ 4 O0 e = Ve =T @
Using iteration method up to the first order, i.e. a(o) + a,(cl) where a( ) = a,(t = 0), we
can find the ordinary differential equation for the flrst order perturbatlon
da,(cl)
Finally, up to the first order perturbation theory, the total wave function is written as
0
¥, = Z akn(t)lplg )-
T (6)
Performing an integration, we obtain
@ _ __1: iWgnt
akn h an(t)dt = —g ane ntdt. (7)

In this case, to figure out how y looks like, we need the ground state wavefunction to be,

© 4 Z (W,
(8)

Let us further analyze our result for a two-level system. The perturbed wavefunction for the
ground state E; is given by,

(A) =1+ /11U11)l/) + 12W121/J(0)- 9)
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Here we suppose that aﬁ) = A4 U1, ag) = A,W;,. Let us calculate the inner product which
is satisfied to yield the fidelity susceptibility, finally we suggest the following expression for
the fidelity susceptibility y for a time-driving system

D@, DD, DI @)
X = Palth: Yl gt (10)

Note that d§? = Xij064;64; defines a Riemannian metric on a manifold M which is a family
of (positive definite) inner products — for all differentiable vector fields 4,,4, on M, that
defines a smooth function M — R? on coordinate space (4;)%. An explicit form for the
metric can be written as follows:

ds? = y11dA3 + 2Re(y12)dAdA; + xo2d A3, (11)

or its equivalent form,
dSz = )(U(t)dﬂ.ldlj (12)

3.Fidelity susceptibility in the Landau-Zener problem

In the previous section we introduced a general formulation for fidelity susceptibility for time
deriving potential. In this section, we will investigate a concrete example, inspired from
Landau-Lifshitz cookbooks [29]. The system under consideration is a two-level quantum
system initially prepared in ground state. The model named as Landau-Zener problem. The
aim is to calculate yr matrix using (10). The ground state is defined by n =0 and it
satisfies:

Hy 0 < H Excited state® (13)

The energy levels for the unperturbed Hamiltonian H,, is defined as E, = E;, E, and it is
convenient to define a frequency basis for the system,
E, - E;
> 0.
h (14)

Wiy =

As a two-level system, E; = Ey = E;in, COnsequently we have:
E, > E;. (15)

The following two total wavefunctions of a two-level system E, > E; are defined using the
orthogonality realization:

¥, = Z akl(t)l/)]EO)' ¥, = Z k2 (t)llJ,EO), (16)
[ [
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where
i )
Apn = (Skn - Ef anelwkntdt. (17)

Next, we propose a specific form of the potential as
V = Fe @t 4+ Gel®t, (18)

where F and G are time-independent operators. If V,,, = V;n,, thenwe obtain G,,,, = Fnn-
In this situation, the matrix element takes the form,

Vien (1) = aneiwknt = Fknei(wkn_w)t + Fljnei(wkn-'-w)t- (19)

Substituting (19) into (17) and performing an integration, we obtain

a _ _Fknei(wkn—w)t F;nei(a)kn+w)t

Y S T R — @) R(wgn + @) (20)

where we have assumed that w;, # tw. Note that the matrix element for an arbitrary
operator O is given by:

Opn (£) = Ofpret@nme + 080 (b), (21)
where
(0) (0) (0) s
0(1) (t) — elwnmt(z Onk ka + 0 F e iwt [ Onk Fmk
fl(wkm h(wkn + w) h(wmk + w)
(0)
O Fkn ]elwt)

AW — W) ' (22)

To be more concrete when choosing O = H and H, (0)

zeroth order reads,
=E,6 elwnmt _ elwnmt(z [ EySniFim + EySmiFk p-iwt
nm nm h(wkm - ‘U) h(wkn + ‘U)
Ekankak Ek(smkan ]elwt).
hwme + @) W(wp — w) (23)

= E}; 8., the matrix form for H in

If Fisreal, i.e., E,, = F,, we obtain the following expression for a matrix representation
of H up to the first-order perturbation,
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e—iwt eiwt
— iwpmt iwpmt
Hym = E 6pmet@nmt —e!@nmtE w0 + .

Wpm — W Wy, + @ (24)

Note that the diagonal elements are commonly parametrized by H,,, = E,, and the off-
diagonal ones are

—iwt iwt
iWnpmt e e
Hyam = —€ “mm Fynm + .

Wpym — W Wy, T 0 (25)
For the two-level system, it is still plausible to obtain
ei(w—wo)t e—i(a)+a)0)t
Hi; = (Hy1)" = wyF —
12 = (H21) Wo 12<w—w0 a)+a)0>
The wavefunction coefficients read as follows:
F
v _ .11 .
a;; = l%sm(wt), (26)
and
a _ F1*2 e—iwt eiwt
21 T Ty + .
h lwo—w wy+w (27)
Therefore, the total perturbed wavefunction for the ground state is given by,
F. F* e—iwt eiwt
y, = (isin(wt)) 1(0) _ 12 + 50).
hw h\wg—w wy+w (28)
It is reasonable to parametrize perturbed matrix elements as follows:
Fi1 = A4 V1q, (29)
Fip = 2, Wi,. (30)
In terms of these parameters, we obtain
iVll (0) in*z . e_iwt €iwt (0)
g =<—' t)/l _ 012 gt + 9.
1 heo Sinw 11/)1 A e Wo— @ | Wy +w lez (31)
By defining two auxiliary functions,
£) = Vi1 ¢
a(t) = P sinwt, (32)
JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018

COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Quantum Information metric for time-dependent ... 34

_l-Wl*z ei(a)o—w)t ei(w0+w)t
s = )

_|_
Wy — W wq + w (33)
and using (10), we end up with the matrix elements for y as follows:

1 1

X11 = >

Py |ﬁ 1 (/11) (34)

1 1+|ﬂ| (,11)

X12 = - o 5z

2’
2y + |§|2 (Tf) (35)

L
X22 =55

P Begpe (36)

Note that here 1, # A; to have the non-singular metric y;;. In our model,
B 2= 20W5,

| | lz(wzcosz(wot) + w3sin?(wyt)cot? (wt)
a

Vi1 (w _wo)z

We are interested in high frequencies where w > w,. In this case we have

B 2 4 1*2 2 2
| | ~| V11 | Cos (wot) (37)

4'W12 |2

Finally, by defining y = | —%|* > 0, we have the following approximated form for fidelity

susceptibility at high frequenues and ultraviolet (UV) regime as follows:

1 1
X11 = 55 )
2/11 2 ﬁ 2
1+ ycos (wot)(ll) (38)
1 2(wot A2
1 1+ycos*(wg )(/1_)
X12 = YR
11+ ycosz(wot)( )2 (39)
1 ycos?(wyt)
X22 =55 .
224 2 A2y
1+ ycos (wot)(/11 (40)
JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018

COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Davood Momeni et al. 35

The information metric, measures the distance between two quantum states close to each
other in UV regime and is given as follows:

1

dSz —

2,(1 + ycosz(wot)(%)z)
+ ycos?(wot)dA3]. (41)

A
[dA2 +2(1 + ycosz(wot)(f))daldaz
1

This metric could be dual to a non-relativistic time dependent bulk theory via Maldacena’s
AdS/CFT correspondence [37] in a same methodology as presented in [38].

4.Measurement yy using quantum noise setups

In recent years, the time-dependent systems phase transitions have been investigated in
references [30]-[36]. In Ref. [30], the universal scaling behavior in a one-dimensional
guantum Ising model subject to time-dependent sinusoidal modulation in time of its
transverse magnetic field has been illustrated. This scaling behavior existed in various
guantities, e.g. concurrence, entanglement entropy, magnetic and fidelity susceptibility.
Based on an Ising spin chain and with periodically varying external magnetic field along the
transverse direction the authors, in Ref. [31], investigated the microscopic quantum
correlations dynamics of the bipartite entanglement and quantum discord.

In this section, we mainly focus on frequency spectrum of the quantum system resulting from
the quantum noise function. Let us assume a generalized Hamiltonian H = Hy + AV with 4
denoting the control parameter. The quantum noise spectrum of the driven Hamiltonian V
can be defined as

So(w) = Z K bulVIdo) 28 (@ — Ey + Eo), "

where ¢,, isthe eigenstate of the Hamiltonian H(1) and we assumed E,, asnon-degenerate
energy levels of the whole system. Note that the quantum noise function S, (w) can be

constructed from the excited states E,, > E;. In our model, the ground state wavefunction is
given in Eq. (31). Here we can rewrite the noise function (42) using matrix element given in
Eqg. (19) as follows:

So(w) == 2|2, W;,|*cos®wt. (43)

We plot the noise function S, (w) versus time (t) and frequency (w) illustrated in Fig.(1).
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Figure 1. The plot shows the noise function S, (w) as functions of time (t) and frequency

(w).

As well known, the fidelity susceptibility plays an important role in QPTs stemming from
the fact that it is always possible to describe the universality classes of QPTs without
specifying the type of the symmetry of the system. However, it is adequate to ask whether
we can measure yp using experimental setups. It has been shown that recently the &5 is
related to the quantum noise spectrum of the time-driven Hamiltonian [27]. It is remarkable
to relate & to S, (w) using Kronig-Penney transformation:

® So(w)
Xr =f_ooda) VR

(44)

Bearing in mind that the following definition of derivative of any analytic function f(z)
provides a useful tool:

f(2):Cc - ¢,

" _I(n+1) fw)
fP@ = 2mi f (w — z)n+1 aw, (45)

where T(n+ 1) = f0°° e~tt"dt is a Gamma function. Using (45) we clearly observe that
[27]:
_d*Sy(w)
Xp =mi— 5 lo=o- (46)

It is clearly stated that S, (w) can be measured in laboratory, see Ref. [28]. Consequently,
we verify that the y, could be measured in the laboratory, as well. Particularly the Landau-

Lifshitz model with yr presented in Egs. (54)-(56) provides a useful machinery to study the
universal scaling behavior of y.
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5.0(61)3 Missing term

In this section, we highlight higher order corrections up to the O(543) of yg. It is
noteworthy to figure out higher order terms, i.e., the coefficient of §12 using the expressions
given above. Remember that

572
YA+ 82) = P(A) + 620, (D) + —- 97 P(A). (47)

Let us compute the following inner product:

YDA+ 1) = PP + SAPD10;9 (D) + SPPDI0FYp(D+... . (48)

where the ellipses denote higher order (correction) terms. Consequently, we obtain the
following expression for the third-order fidelity susceptibility as follows:

_ YD QY10 (A)
Wl | (49)

F

The above equation defines a higher order correction to the usual fidelity susceptibility. The
corresponding metric is a Finsler manifold in which the general information metric is
characterized by the following form:

2

It is worth noting that the distant between two quantum states in any quantum theory can be
guantified not only by fidelity but also with higher order cubic quantity defined by {z. We
note here that the corresponding tensor form for { is given by:
A YD) 04, (DY (A)]05,03, % (A)
Pk Wlw|? ' (51)

It will be very interesting to find bulk dual for this new tensor in a similar way recently
suggested for fidelity susceptibility as a maximal volume in the AdS spacetime [38].

6.Summary

In this work, we have presented a simple and straightforward approach to compute distance
between quantum states responsible for the fidelity susceptibility in quantum model for a
time-dependent system describing a two-level atom coupled to a time-driven external field.
Analytically we have investigated the behavior of fidelity susceptibility in the time-driven
guantum model in which the potential V is time-dependent. Interestingly, the information
metric induced by fidelity susceptibility can be nicely achieved. We also plotted the obtained
noise function and found that the noise function eternally lasts long in our model. We have
also derived for the first time a higher-order rank-3 tensor as third-order fidelity susceptibility
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for having a model beyond fidelity susceptibility.

It will be very interesting to find bulk dual for this new tensor in a similar way recently
suggested for fidelity susceptibility as a maximal volume in the AdS spacetime [38].
Moreover, as mentioned in Refs. [39, 40], our understanding of quantum gravity may be
satisfied using quantum information theory along with holography. This may allow us to
further examine a possible connection between the fidelity susceptibility and holographic
complexity and may shed new light on the deeper understanding of quantum gravity.

Acknowledgment: D. Momeni and M. Al Ajmi would like to acknowledge the support of
Sultan Qaboos University under the Internal Grant (IG/SCI/PHYS/19/02).
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1.Introduction

Throughout the paper unless otherwise stated, let H be a real Hilbert space with inner
product (.,.) and ||.|| denotes the norm of H. Let C be a nonempty subset of H. A
mapping T: C — H is said to be a generalized hybrid mapping [1] if there exist a, 8 € R
such that

allTx —Tyll?+ A —a)|lx—Tyl?<BITx—yI?+ A=) Ix—ylI*Vx,yE€EC.

A mapping T: C — H is said to be a nonexpansive if « =1 and § = 0 that is
ITx—-TylI<lx—yI,Vx,y€C.

A mapping T:C — H issaid to be a nonspreading [2] if « = 2 and B =1 thatis

201 Tx =Ty IP<I Tx —y I? +I Ty —x I3, Vx,y € C.

Itis said to be a hybrid [3] if @ = and § = that is

3N Tx =Ty IP<Ilx—y I> +I Tx —y I> +I Ty — x II>,vx,y € C.

Takahashi and Takeuchi [4] introduced the concept of attractive points of a nonlinear

mapping in a Hilbert space and they proved a mean convergence theorem of Baillon’s type

COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Weak convergence to common attractive points 42

[5] without convexity for generalized hybrid mappings.

Recently, Takahashi et al. [6] studied the following Halpern’s type [7] iterative scheme and
proved a strong convergence theorem for finding attractive points of generalized hybrid
mappings in a Hilbert space

Xnt1 = AnZ + (1 — ap) (Bpxn + (1 — Br)Txy).

Very recently, Zheng [8] studied the following Ishikawa iterative scheme and proved weak
and strong convergence theorems for finding attractive points of generalized hybrid
mappings in Banach space

{xn+1 = Xy + (1 — )Ty,
Yn = Bnxn + (1 = Bp)Txy.

Motivated by the work of Takahashi and Takeuchi [4], Takahashi et al. [6], Zheng [8], and
by the ongoing research in this direction, we introduce an iterative method based on viscosity
implicit midpoint method for finding an attractive point in a real Hilbert space. We obtain a
weak convergence theorem for the sequence generated by the proposed iterative scheme.
Finally, we derive some consequence from our main result. The result presented in this paper
extended and unify many of the previously known results in this area, see instance [1, 2, 5,
9].

2.Preliminaries

We recall some concepts and results that are needed in the sequel.

The symbols — and — denote strong and weak convergence, respectively, I denotes the
identity operator on H.

For every point x € H, there exists a unique nearest point to x in C denoted by P.x such
that

Il x—Pex ISl x—yIl,Vy €C. (2.1)
The mapping P, is called the metric projection of H onto C. It is well known that P is
nonexpansive and satisfies

(x —y,Pcx — Pcy) =Il Pex — Py 11%,Vx,y € H. (2.2)

Moreover, P-x is characterized by the fact that P-x € C and

(x — Pcx,y — Pcx) = 0,Vy € C. (2.3)
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This implies that

Il x—y 1=l x — Pex II> +1l y — Pcx I, Vx € H,Vy € C. (2.9)
In real Hilbert space H, it is well known that

A+ @A =Dy IP=A1lx 1P+ @A =D Iy IP=2QA - I x—y > (2.5)
forall x,y € H and A € [0,1] and

Il x +y 1<l x I+ 2(y,x + y),Vx,y € H. (2.6)

Let T: C — H be a mapping. The set of attractive points of T denoted by A(T) and defined
as

AM)={y eH:IITx—ylI<lx—yI,Vx € C}. 2.7

Lemma 1.1 [4] Let C be a nonempty subset H and let T be a mapping from C into H.
Then, A(T) is closed and convex subset of H.

Lemma 1.2 [4] Let C be a nonempty subset of H and let T:C — H be a generalized
hybrid mapping from C into self. Suppose that there exists an x € C such that {T"x}
is bounded. Then, A(T) # ¢.

Lemma 1.3 [4] Let C be a nonempty subset of H. Let T:C — H be a quasi-nonexpansive
mapping. Then, A(T) n C = Fix(T).

Lemma 1.4 [6] Let C be a nonempty subset of H. Let T:C — H be a generalized hybrid
mapping. If x, = x, and x,, — Tx,, — 0, then x, € A(T).

3. Main results
We prove a weak convergence theorem for finding attractive points of a generalized hybrid
mapping in a Hilbert space.

Theorem 4.5: Let H be a real Hilbert space and let C be a nonempty convex subset of a
real Hilbert space H. Let T;:C — C be nonexpansive mappings for each i =
0,1,2,...,m—1 with A(T;) # @ and let Pnn_lglA(Ti) be the metric projection of H

onto N, A(T;). Let {x,} be asequence in C generated by
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X1 € C
Xpn+1 = OpXp+ (1 - an))’n
1 m—1
Yn = Ppxp+ (1 - ﬁn)a Z Tixy,

1=
where {a,} and {B,} are two sequences in (0,1) such that lim inf,_ (1 —a,)(1 —
Br) > 0. Then the sequence {x,} converges weakly to x = Pam=1 57 2.

Proof. First, we show that the sequence {x,} is bounded. Let p € NT2,* A(T)).
We estimate
I Xp41 —p =1l @pxy, + (1 - an))’n —-pl
=l an(xp—p)+ AL —apn)n—p) |
<ap I Xn — P I +(1 - an) Il Yn—PD Il (3-1)

mz: —pl

i=0

m—1
=1 B Gen =) + (1 = ﬁn)< ann—p) n

4

and

SI*-‘

Iy —p 1<l Bpxy + (1= By)

§|+-‘

< Bulltn = I+ =) I — ETxn pl

SPullxy—pll+(1- .Bn) Il x, — p Il
=lx,—pl. (3.2)

Using (3.2) in (3.1)

lxpe1 =2l < apllxy,—pl+A—ay)llx,—pl
= llx,—pl

< llxgs—pl.

Hence, {x,} is bounded. Since p € N, A(T;) therefore || Tyx, —p II<ll x, —p II, for
each i = 0,1,2,...,m — 1. Thus, {T;x,} is bounded and hence {y,} is also bounded.

Using (2.5), we estimate

Il Xp4q1 — P "2=" AnXn + (L= ap)yn —p ”2 (3-3)
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=l an(xn —p) + (1 — @) (n — P) I12
< an I Xn — P "2+ (1 - an) I Yn—D "2_ an(l - an) I Xn = Yn "2
Sapllxy,—p P+ A —a) lly, —p I3
and
m-—1

1
130 = I2=0 By + (1= Bo) — > Tetn = I?
. me1 i=0
= BuCtn =) + (1= B D Ty = 1) I
i=0m_1
2 1 2
<Balln=p P+ A =B I— > Tixa=p|l
i=0

1 m-—1
a1 =) = D" Tty =y I
i=0

(3.9)
Using (3.4) in (3.3), we have
Il Xn41 — D "2= an Il Xn—D ”2+ (1 - an)ﬁn Il Xn — P "2
m—1
1
HA =)A= I =D Tixy—p I
i=0
1 m—1
Bl = @)(1 = B) I > Toxy = p I
i=0
This implies that
1 m-1
Bu(l = @) (1= B — > Tty = p 1P @y 0 = p 1P+ (1 = @B
i=0
Il x, —p I
1 _
+(1 = @)1 = Bo) I - Z125" Tixtn —p 12 =1l Xpyy = p I2
< (447) Il Xn—DP "2+ (1 - an).b)n [ Xn—DP ”2
+(1 - an)(l _.Bn) Il Xpn — P) "2 =l Xn+1 — P ”2
Saplla,—plP+ (A —a) llx,—p 1% =l Xpyq —p II2
=l x, —p I =l xp1 —p II% (3.5)
Now, summing
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oo m-—1

1
D Bal=a) (=) 1 — > Tty =20 <l 2, = p I2< o0
n=1 i=0

Using the given condition, we have

1 m-1
lim || ¢,x, — x, l= 0,where t,, = — Z T;.
" me (3.6)
Il Xpe1 — xp 1=1 apxy + (1 — @)y — x5 |l

=l (1 - an)(yn - xn) Il
=l (1 — ap) Brxn + (1 — Br)tmxn — xp) |l
=1 = an)@A =By Iy — txp Il (3.7)

Using (3.6) in (3.7) and given condition, we have

lim 1l 2q = 2 1= 0. (3.8)
Since {x,} is bounded therefore there exists a subsequence {x,,} of {x,} such that x, —
w. By (3.6) and Lemma 2.4, we have that w € A(t,;,). Thus, foreach i =0,1,2,...,m — 1,
m—1
w e ﬂ A(Tl)
i=0

Finally, we prove that {x,} converges weakly to w. On contrary suppose that there exists
another subsequence {x, } of {x,} which weakly converges to some w’ # w. By (3.6) and

Lemma 2.4, we have that w' € A(t,,). Thus, foreach i =0,1,2,...,m — 1,

m—1
w' e ﬂ A(T)).
i=0

Now,
lim | x,—wl? = lim |lx, —wl?
Jlim oy, —w Jim 1, —w
_ . I 2 12 12 12 2
= ,ll_)n(}o(llxnk—w 1°+ 2{xp, —w,w —w)+Ilw' —w [I?)
= lim || xp, — W' 1242w —w', W' = w)+lIl w' —w |I?
k— oo
= lim | x,, — W' I> =W —w |I?
k—oo
= lim lx,—w I =llw —w ||?
n—oo
= lim || x,, —w' IZ =l W' —w |I?
L—>00
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= lim lxp, —w' I =llw' —w |I?
L—00

= Jim (Il xp, — w12+ 2(xy, —w,w = W)+l w —w' [1?)
—w —wl?

= limllxy,, —wi*P=2llw—w|?
L—00

= lim llx, —wl?=21lw—wlZ
n—-oo

This implies that w = w', a contradiction.

Thus, the sequence {x,} converges weakly to an attractive point w of T;, for each i =
0,1,2,....m—1.

Using Theorem 3.1, we can prove the following convergence theorems:

Theorem 4.6: Let H be a real Hilbert space and let C be a nonempty closed and convex
subset of H . Let T;:C — C be a generalized hybrid mapping for each i=
0,1,2,...,m—1 with A(T;) # @ and let anlm(m be the metric projection of H
onto N™,* Fix(Ty). Let {x,} be asequence in C generated by

X1 e C
Xny1 = ApXp+ (1 —ay)yn

1 m—1
Yn ann + (1 - .Bn)a Z Tixn'
i=0

where {a,} and {B,} are two sequences in (0,1) such that liminf,,_.B,(1 — a,)(1 —
Br) > 0. Then the sequence {x,} converges weakly to

X = Pnly;zBl Fix(Ti)W'

Proof. Foreach i =0,1,2,...,m — 1, T;: C — C be ageneralized hybrid mapping then there
exist a,f € R such that

allTix =Ty IP+(1—-a) lx=Tiy I’<B I Tix—y 1+ (1 = B) (3.9)
Il x—vyI%Vx,y€C.

Let w € N, Fix(T;) and replacing x by w in (3.9), we have

I T;y—wl<lly—wl,Vy€C.

This implies that
m-1
wE ﬂ Fix(T;).
i=0

Thus,
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m-—1 m—1
ﬂ Fix(T;) ﬂ A(T)).
=0 i=0
m-—1

ﬂ A(T) # 0.
i=0
By Theorem 3.1, it follows that {x,} converges weakly to

m-1
Te ﬂ A(T)).
i=0

Since C is closed and convex therefore by Lemma 3.3,
m-1 m—1
ﬂ A(T) ﬂ C= ﬂ Fix(T)).
i=0 i=0

Thus, {x,} converges weakly to an element

€ ﬂm_lFix(Ti).

i=0

Hence,

Theorem 4.7: Let H be a real Hilbert space and let C be a nonempty convex subset of H.
Let T;: C — C be a nonexpansive mapping for each i = 0,1,2,...,m — 1 with A(T;) #
@ and let Pam=1 47y be the metric projection of H onto N, A(Ty). Let {x,} be a
sequence in C generated by

X1 e C
Xny1 = ApXp+ (1 —ay)yy
1 m—1
Yn = Paxp+ (1 - ﬁn)a Z Tixp,
i=0

where {a,} and {B,} are two sequences in (0,1) such that liminf,,_.Bn(1 — a,)(1 —
Brn) > 0. Then, the sequence {x,} converges weakly to x = Pn?:laiA(Ti)w. Additionally, if

C is closed and convex then {x,} converges weakly to

X = Pﬂﬁgl Fix(Ti)W'

Proof. A generalized hybrid mapping is nonexpansive mapping by taking ¢ = 0 and g =

1. Thus, by using Theorem 3.1 and 3.2, we got the result.

Theorem 4.8: Let H be a real Hilbert space and let C be a nonempty convex subset of H.
Let T;: C = C be a nonspreading mapping for each i = 0,1,2,...,m — 1 with A(T;) #
@ and let Pn?:lglA(Ti) be the metric projection of H onto Nyt A(Ty). Let {x,} be a
sequence in C generated by
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X1 € C
Xpn+1 = OpXp+ (1 - an))’n
1 m—1
Yn = Ppxp+ (1 - ﬁn)a Z Tixy,
i=0

where {a,} and {B,} are two sequences in (0,1) such that liminf,,_.Br(1 — a,)(1 —
Br) > 0. Then, the sequence {x,} converges weakly to x = Pngal ATyW- Additionally, if

C is closed and convex then {x,} converges weakly to x = Pam=t pixrpW-

Proof. A generalized hybrid mapping is nonspreading mapping by taking « = 2 and g =
1. Thus, by using Theorem 4.1 and 4.2, we got the result.

Theorem 4.9: Let H be a real Hilbert space and let C be a nonempty convex subset of H.
Let T*:C — C be a hybrid mapping for each i = 0,1,2,...,m — 1 with A(T;) # @ and
let Pam=1 47y be the metric projection of H onto N":,* A(T;). Let {x,} be a
sequence in C generated by

X1 € C
Xny1 = ApXp+ (1 —ay)yy
1 m—1
Yn = Paxp+ (1 - ﬁn)a Z Tixp,
i=0

where {a,} and {B,} are two sequences in (0,1) such that lim inf,_ (1 —a,)(1 —
Brn) > 0. Then, the sequence {x,} converges weakly to x = Pnﬁai arpW- Additionally, if

C is closed and convex then {x,} converges weakly to
X = Pﬂ’{ggl Fix(Ti)W'

Proof. A generalized hybrid mapping is hybrid mapping by taking a = % and g = % Thus,
by using Theorem 3.1 and 3.2, we got the result.
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Abstract: In this paper, we aim to introduce a new extension of beta function and study its important
properties. Using this definition, new extended hypergeometric and confluent hypergeometric
functions are obtained. Further, some hybrid representations of this extended beta function are derived
which include some well-known special functions and polynomials.

Keywords: Gamma function, Beta function, Hypergeometric function, Confluent hypergeometric
function, Beta Distribution

1. Introduction and preliminaries

Extending well known special functions have been an active and interesting area of research.
For the extension of beta and other special functions, several papers are published in literature
(see [1]-[13], [15], [17]) due to their never-ending applications. Following up with the
investigation, we define here a new extension of beta function and derive its integral
representations, summation formula and some other relations. Further, we obtain beta
distribution and some statistical formulas. Finally, using our definition of extended beta
function B,;l,q(nl,nz) , we extend the definitions of hypergeometric and confluent
hypergeometric functions. At last, we obtain connections of extended beta function with other
special functions and polynomials from application viewpoint.

Throughout the paper, let C, R, R* and Z; be the sets of complex numbers, real numbers,
positive real numbers and non positive integers respectively, and let R}:= R U {0}.

Definition 1.1 As is well known, the Gamma function I'(z) developed by Euler [1] with
the intent to extend the factorials to values between the integers is defined by the definite
integral

I(z): = J " et gy R(z) > 0), w1
0 .

Among various extensions of gamma function, we mention here the extended gamma
function [6] defined by Chaudhry and Zubair
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o]

I, (2) =:f0 t* " exp (—t —%) dt (R(p) > 0). 12)

Definition 1.2 Euler introduced the beta function (see [1]) for a pair of complex numbers
n, and n, with positive real part through the integral
! _ ()T (m2) _ (1 — D! (n; — 1)!

_ -1 _ 2—1 = =
L e  E A=y

In 1997, Chaudhry et al. [3] defined an extension of beta function as

1
By () = | )it @@)>0).

0

_ _ p
thh—1 (1 —)n2-1 (_
(1—-t)""" exp )

(1.4)
Shadab et al. [15] introduced an interesting extension of the beta function involving the

Mittag Leffler function defined as
1

A — n1—1 _ \n2—1 _ p ) . +
Biown) = [ 07 - 0n B (i) de ) > 05 AR,
where E;(.) isthe classical Mittag Leffler function defined as
(00} xn
o=y X
o] F(An+1) (1.6)

Note that, by putting A = 1, the above definition corresponds to the extended beta function
[3] and on putting A = 1 and p = 0, we get the basic beta function given by (1.3).

They also studied the extended form of beta distribution [15]

1 _ _ p
_ B _
() = Bg(n,ﬁ)tn ta-n 1EA( t(1—t)) 0<t<1

0 otherwise . (1.7)

Definition 1.3 The classical Gauss’s hypergeometric function is defined by

. [ee]
@ b (@n ()5 2"
2F1 C; Z| = T m = zFl(a,b; c, Z),
oy n : (1.8)
where (a), (a € C) is the well known Pochhammer symbol.
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It is a particular case of the generalized hypergeometric series ,F, (p,q € Ny) defined by
. ZL ...,Zp.i e i (@)n - (@p)n i
piq | D1s - (b1)n"'(bq)n n!’

The confluent hypergeometric function (see [1]) is given by the series representation

LN @2
1Fi(a;b; z) = ; (b),, n!’ (1.9

The extended hypergeometric and confluent hypergeometric functions [4] are defined
respectively by

B,(n; + n,n3 —1n3) z"
Fy(M1,M2,m352) = Z Y 1)n B(Mz,m3 — n2) n!

(p=0, 91(173) > R(z) >0and|z| < 1) (1.10)

and

o B (mz +n,n3 —ny) z"
Do (N s 7) = P z
p(772,773,2) 7; B(Mz,m3 —n2) n!’

(p = 0,R(n3) >R(M,) >0and |z]| < 1). (1.12)

Their integral representations are:

1 g - - p
Fy,(n1,m2m3;2) = mj ¢1275 (1 —¢)1 71278 (1 — zt) ™" exp (— 1= t)) dt
, 0
(p>0; p=0and|z]| < 1; R(ns) > R(1,) > 0), (1.12)
and

N3 2) = ! flt"rl 1—t)nsm2"1 ( t P ) dt

P25 2) = e =) o (=9 P Ta—o)
(p > 0; p=0and R(n3) > R(,) > 0). (1.13)

2. A new extension of Beta function
Here, we introduce a new extension of the generalized Beta function 33(771, n,) in (1.5)
and obtain its various properties and representations.

Definition 2.1 We define a new extension of beta function as

1
Bzél,q M1,m2) = fo

th~1 (1 —-t)"1 E, (—E __1 ) dt

t (1-0 2.1)
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(R() 2 0,%(q) 20; 1> 0),
where E; is the Mittag-Leffler function.

Remark 2.1 Note that for A = 1, (2.1) reduce to definition [7]. For p = q and p = 0 = q,
(2.1) reduce to the extended beta function [15] and the classical beta function given by (1.3)
respectively.

2.1 Integral Representations of B;},q(nl, 12)

Theorem 1 The following integral representations holds:
Vs

1 o [? . oami-1p cin2ne-1 __p __4
Bp.a(m1,m2) = 2[0 cos™T0 s 6 By [ cos?0 sinza] 46, (2.2)
o  m-1 p(1+uw) q
B2 (n1,m2) = (— B ) '
D.q (771 772) 0 (1 + u)771+772 z u 1+u du (23)

1
Bja(n1,mp) =217z x f (14wt (1
-1

uht 2(p+q) +2(q —plu
— W’ E) (‘ ) du,
(1 4+ u)mtnz-1 1—u? (2.4)
c
Bl = €= x [ @-ayie
c—a
—a\N2—1 - — —
u) Ez[ = a)c—1) ((g —pu+ (pc qa))] du,
RP) > 0,R(q) >0; p=0,q = 0; R(ny) > 0,R(nz) > 0). (2.5)
Proof. Let t = cos? 0, t = ——, t = =% t = =2 yespectively in equations (2.1), we
1+u 2 c—a

obtain the above representations.

Remark 2.2 The above results retrieve the corresponding representations in [15] and [7] by
taking p = q and A = 1 respectively. Further for p = 0 = g and A1 = 1, the results
reduce to some well-known results for the beta function B(n4,1,).

3. Properties of B} ,(11,72)
In this section we obtain some interesting relations, summation formulas and product
formulas for the generalized beta function Bﬁq (M1, 1m2)-

Theorem 2 The extended beta function satisfies the following functional relation:

B}:))L,q(nl +1,n,) + B{},q(mrﬁz +1) = B&,q(nmz)- (3.1)
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Proof. Using (2.1) in the L.h.s. of (3.1), we get

Bl (ny + 1,mp) + Bél,q(nl,nz +1)

- - p q
= n — )21 M1-1 — )1 -
fo {th -0 t+tm 11 t)Z}E,l( T~ 1 t) dt,

and a little manipulation leads us to the desired result.

Remark 3.1 Again, the case p = q and p = 0 = q of equation (3.1) reduces to the
corresponding result in [15] and some known relations.

Theorem 3 The following summation formula is valid for B{},q (M1,m2):

Blam1—m)= Y B0 gl tn 1) @) > 0,90 > 0) o
n=0 .

Proof. To prove above result, we make use of the generalized binomial theorem defined as

A=ty = ()n oy (1<)
n=0

tM+n-1

Therefore, from definition (2.1), we can write
(-2

B{}q(ﬁpl—nz)—f Z(Uz)n t 1—t¢t

Now by interchanging the order of mtegratlon and summation, we can easily obtain the
desired formula.

Theorem 4 For R(p) > 0, R(q) > 0, the following infinite summation formula holds:

Bé,q(mﬂ?z) = Z B;?,q(m +n,m, + 1).
(3.3)

Proof. Using the relation

o)

Q- t=1-t)" t",

We obtain

oo

1
Bjq(1,m2) = f (1 —-06)" Z tnmtn-ip, (—E__) dt.
0

t 1-t
n=0
Interchanging the order of integration and summation in the last expression leads us to the
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desired result.

Theorem 5 The following relation holds true:
n

Bla(m,—n—n) = Z (1) Bhat+k—n—k) (n€N).
k=0 (3.4)

Proof. We have
Bj a1+ 1,m2) + Bl a1, m2 + 1) = Bl o (11, m2).

On substituting n; = n and n, = —n — n above, we arrive at
Blq(,—n —mn) = Bj(n,—n —n+1)+ B (n +1,—n —n),

Writing this formula recursively with n = 1,2,3. ...,, we obtain
Bjqa(m,—n—1) = Bpam,—m) + Bpan+1,-n - 1),
Bjqam,—n —2) = Bjom,—m) + 2B+ 1,—n — 1) + B ,(n + 2,—n — 2),
and so on. By continuing the process, we arrive at (3.4).

In statistical distribution theory, gamma and beta functions have been used extensively. We
now define the beta distribution of (2.1), and obtain its mean, variance and moment
generating function.

For B},(n1,m2), the beta distribution is given by

—_— 1= —_ 2~ _B_ q
f(t) = Bg,q(m,nz)t’7 =g 1E’1< t (1—t)) 0 <t<),

0 otherwise . (3.5)

For any real number v, we have the dth moment of a random variable X as
B;?,q (M1 +v,m32)

Bﬁ,q(ﬂl:ﬂz)
(M,7m2 €R; p,q,A € RT). (3.6)

E(XV) =

When v = 1, we get the mean as a particular case of (3.6)
Bz/},q (m +1,13)
B;?,q M1,12) (3.7)

n=EX) =

and the variance of the distribution is defined by
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2
B} a(1,m2) Ba(1 + 2,m5) — {B},(n1 + 1,1m,)}
2 .
{Bziq (M1, 772)} (3.8)

o2 = E(X?) —{E(X)}* =

The moment generating function of the distribution is defined by

n

< t
M@ =) — BEM = WZ Blans + o) 09

n=0

The cumulative distribution is given by

B} )
F(x) — z,p,q(nl 7]2)

BJ.q(n1,72) (3.10)
where
1 x 14 q
Bipqmi+1,m3) = fo th=1(1—t)"271 E, (—? - - t)) dt

is the extended incomplete beta function.

4. Generalization of Extended Hypergeometric and Confluent Hypergeometric
functions
Here, we introduce a generalization of extended hypergeometric and confluent

hypergeometric functions in terms of B’lq(nl, n2).

A n
Bpq(nz + 1,13 —m3) 2"
q(771'772.773.2) = Z Mn B (12113 — 1) Y

(p>0q>0|Z|<1A>OER(773)>§R(772)>0) (4.1)

and

C BA, (mz +n,n3 —ng) z"
®F 4 (2133 2) = Z qu p— port
~ (M2; M3 — M2) n.

(p>0,g>0,1>0%RM3)>R({M)>0) (4.2)

Fp'?q (n1,M2;m3; z) and CD;},q (n4;m3; z) are the further generalizations of the extended Gauss
hypergeometric function and extended confluent hypergeometric function given by (1.10)
and (1.11) respectively.
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4.1 Integral Representations
Theorem 6 The following integral representations for the extended hypergeometric

Fgt,(11,m2;m3; z) and confluent hypergeometric function @3, (n1,7,;73; z) holds true:

Fp/,lq (M1,M2;M3; 2)
1 1
X f t271 (1

_3(772'773 12)
tn
eyt (-2 ) Z(l)n(z) t
t n!
(p>0g>0,A>0,p=0,g=0and |z]| <1; 9%(1;3)>9%(772)>0) (4.3)

Fp/}q (771; N2;M3; Z)

1 ! 1 1
e —— th2— (1 — t)TI3—le— (1
B(m2,m3 — n2) fo
— Zl')_n1 EA (—g — &) dt,

P>0,g>0;,1>0;,p=0,qg=0and |arg(1 —2)| <m; R(n3) >R({A,) >0). (4.4)
Fp/}q(nl'nz;nﬁz)
=
=X u™1 (1 4+ )M [u(1
B(M2,m3 —12) 0

1+
—2z)|T" E; (_—p( ” ) —-q(1+ u)) du
®>0,g>0,1>0;,p=0,9g=0and |arg(1 — 2)| <m; R(13) > R({M,) >0). (4.5)

Fp/}q(nlan;TIS;Z) ,

B(’?z;ns 12)
2 sin?M271y cos?Ms=2M271
Jo (1 — zsin?v)M
>0,g>0,1>0;,p=0,q =0and |arg(1 —2)| <m; R(nz) > R(,) >0). (4.6)

E;(—psec?v — qcsc?v) dv,

_exp(zt) _ _ P q
dF  (n25n3:2) = f 2=t (1 =)l 1 g (— = — ——) dt,
patil2: 13 B(n2,n3 — n2) ( ) A( t 1- t)
(p>0,q>0; 1>0; R(nz) > R(,) > 0). (4.7)
exp(z)
@) (2135 2) = —————= X j t"271 (1
patiz s B(M2,m3 —12) » 0
— N3~ M2—1 — _r__1*t
t) exp(—zt) EA( T T t) dt.
(p >0,q>0; 1> 0; R(ns) > R(nz) > 0). (4.8)
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Proof. We can obtain (4.3) by using the definition (2.1) in (4.1). The integral (4.4) can be
obtained by using the binomial expansion

A=2) =" @
n=0

in (4.3). By substituting ¢t = ﬁ t = sin%v in (4.4), we obtain (4.5) and (4.6)

respectively. By using a similar approach, we can easily establish the representations (4.7)
and (4.8).

(zt)"
nl

Remark 4.1 The case p = g and A = 1 in equations (4.3) -(4.8) leads to the
corresponding results in [3]. For p = 0 = g and A = 1, we get basic hypergeometric and
confluent hypergeometric function [1].

5 Differentiation formulas for F}: ;(111,12;113; 2) and ®; (111, m2; 113; 2)

By differentiating (4.1) and (4.2), we obtain some differentiation formulas with the help of
the formula:

Uk
B(Mams —1m1) = T B(m, + 1,13 —1n32).
2

(5.1)
Theorem 7 The following differentiation formulas are true:
d MmNz
E{Fp/}q(nlan;WS;Z)} = s Fp%q(nl +1Ln,+Lins+1; 2). (5.2)
ar (M1)r(m2)
o e m2ins;2)} = # Elq@u+7r,my +75m3 415 2) (r € No). 5.3)
d" (12)
pl e ) — L) ) )
G {ch,q(TIZ'US'Z)} = ), &5 +1im3+71;2z) (r €Np). (5.4)

Proof. By differentiating (4.1) with respect to z, we get

d o B2 (mz +n,n3 —12) z"
—{F (1,235 2) =Z 2 D)
dz{ Ptz s } — B(M2,M3 —n2) v (n

-1

—r

On replacing n by n + 1 and using (A:4), we easily get (5.2). A recursive process of this
establishes (5.3). In a similar way, we can obtain (5.4).

Remark 5.1 The case p = q and 4 = 1 in equations (4.3)-(4.8) leads to the corresponding
results in [3]. For p = 0 = q and A = 1, we get corresponding formulas for
hypergeometric and confluent hypergeometric function (see [1]).
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5.1 Transformation formulas
The following formulas for the extended hypergeometric and confluent hypergeometric
function holds true:

2 e ) = —a A . z
Fp,q(’?1'772»773: z)=(1-2) g (771'773 —N2MN3 — 1= z)' (5.5)
(A € RY; p,q € RE; |2] < 1; R(ns) > R(n) > 0).
1
Fp),Lq (7]1:71227732 1- E) =z%F q(771:773 N2z 1—2). (5.6)
(A € RY; p,q € RE; |z] < 1; R(ns) > R(nz) > 0).
_ pl .
Ey. (771:772'773: 17 ) 1+ 2)* Elg(1,m3 — N25m3; —2). 5.7)
(A € R*; p,q €RG; |z| < 1; R(nz) > R(nz) > 0).
®F (12,135 2) = €? D 4 (N3 — 12335 —2). (5.8)
Proof. Replacing t by 1 — t in (4.4) and with the help of expression
VA M1
- — )M = (1= 2)"
[1-z(1-t)]™=1-2)"N (1+1_Zt) ,
we have
Fp%q(nprlzi%iz) )
1-— U
= —( 2) X t271 (1
B(M2,m3 —1n2) .
- 4 i p q
— )13 M2—1 —_

>0,g>0,24>0;,p=0,g=0and |arg(1 — 2)| < m; R("3) > R({,) >0)
which easily proves (5.5). Replacing z by (1 ——) and ( Z) in (5.5) yields (5.6) and
(5.7) respectively. Now the formula (5.8) can be obtained by following (4.7) and (4.8).

6 Representations for B;l,,q M1,m2)
In this section we obtain certain connections of the beta function (2.1) in terms of other

special functions and polynomials. The results obtained here are interesting and can further
be applied to other extensions of beta functions.

* (Generalized hypergeometric representation).

Since we have the relation [16]
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Mqn__ 2" _ q9z
EVd = - an = F [A ; A(A; —,
where, A(q,y) isag- tuple 14 y;'l ..,V+Z_1.
In particular, we have
SV SR 1y A1) Z
E1(2) = Ey(2) —Z o B aa ;) .

Now using (6.2) in (2.1), we have
1

B} q(m1,12) =f0 tm~1 (1

-2l x, Fy [A(l; 1); 4(4,1); %(_E - )] at, (6.3)

which can be written as

Bz/},q (M1,7M2)
1 uh—1

x, Fy [A(l; 1); a1y, SLFWlEP - qu]] du.

0 (1+u)711+712 ull (64)
 (Fox H- function representation)
The following relation between B;},q (n1,m2) and Fox-H function holds true:
1
A = n1—1 —_ n2—1 1,0 B L . .
B2, (11,772) fo e (L= 0" Hy [T | (0D); (01), (0,D)] . 65

* (Bessel function and Laguerre polynomial representation)

We obtain a relationship between the generalized beta function Bliq (n1,m2), Laguerre

polynomials Lfl(l; x) and Bessel function Jz(x).
Since we have the relation [14]

] o Pt
(1 + B) (xt)2 Ex(t) J5(2/E) = 2, (H—xﬁ) o5
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we can write
B2 (10,1) = — fl tht a-pnt (i L5 (%) (#)”_m) dt
qU1,1M2) = )
P xB/2 )y Jg (2v/xp) i B +n)! (6.7)
where, p = —% —ﬁ.

7 Discussion and Conclusion

In this paper, we have introduced a new extension of beta function which seems to be
interesting since by being specific on parameters, some well-known definitions of the beta
function can be retrieved. Further, it is shown that this extended beta function can be
represented in terms of other polynomials and special functions. As the beta and
hypergeometric functions have so many applications in the literature, a lot more relationships
with different functions can be found which may be potentially useful for further research.
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Abstract: The calculation of the transition probabilities between two stationary energy states under a
time dependent potential is one of the problems that can be investigated via time dependent
perturbation theory. It explains how states of an unperturbed system vary with time under small
perturbations. In this work we use analytical and semi analytical methods to study two levels of
quantum mechanical systems using time dependent perturbation theory. In the first part of the work
we focus on exact solutions and reconstruction techniques, we built the potential function from a given
quantum amplitude, we obtained the potential for some physical models proposed in the literature as
realistic models compatible with experiments, for example Rabbi effect and the dynamics of the
electron in an external magnetic field. The second part is devoted to finding the distance between two
nearby quantum states in Hilbert space. We conclude this work by finding this distance for Landau-
Zener effect as a two-level system.

Keywords: Quantum Mechanics; perturbation theory; Rabbi effect

1. Introduction

There are many problems in quantum physics that physicists couldn’t solve exactly,
especially the complex quantum systems. The physicists tried to solve those systems but
instead of that they get a set of infinite differential equations [1, 2]. The Perturbation theory
is a very powerful approximation in such systems, the quantum formulation which was
invented by Paul Dirac to overcome such physical challenges [2, 3]. In this technique, we
split the Hamiltonian of complex systems to an unperturbed system with known
eigenfunctions of the Hamiltonian and a small perturbed Hamiltonian which represents the
small disturbance of that system [3, 4]. The physical quantities related to the small
disturbances, such as the energy levels and the eigenstate can be considered as corrections to
the unperturbed system [4]. The Hamiltonian of the unperturbed system is considered as time
independent, while the perturbation term can be either time dependent or not [5, 6]. The
perturbation theory is classified in to two forms, depending in the potential disturbance and
whether it depends to time or not. When the perturbation term is constant over time that leads
to it being categorized as time independent perturbation theory. It modifies the behavior of
the unperturbed eigenstates of the system and makes a difference between the stationary
states for the perturbed system and the unperturbed system [7, 8]. The second class is the
time dependent perturbation theory, here the perturbed part is no longer stationary and
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changes explicitly with time [1].

The most important example of phenomena that can be solved it exactly by quantum
mechanics is the transition probabilities between two eigenstates, when this transition
happens under the perturbation term called V(7 ,t), it varies with time or occurs suddenly [9,
10]. Time dependent perturbation theory is the best approximation way to deal with transition
probabilities under V(7,t). It doesn’t modify the unperturbed system states as the time
independent perturbation but instead of that is varying from one state to another or it makes
transitions under the perturbation [8, 11]. The Rabbi’s effect is one of the applications related
to time dependent perturbation theory. When the system absorbs plenty of photons it will be
excited and after a period of time will emit those photons. This cyclic behavior between
absorbing and emitting along the time is described as Rabi effect, it explains the cyclic
oscillation of atoms between two quantum levels [1, 2, 6]. Another application is Fermi’s
Golden Rule. This rule it describes the rate of transition between two energy states under
small perturbation [12, 13]. In this work, we will use two method to study two levels quantum
mechanical systems in the time dependent perturbation theory. In section 3 we will use
reconstruction techniques to build up the potential forms for some physical models which are
proposed in the literature as an example of the Rabi effect. In section 4 we will find the
distance between two nearby quantum states in Hilbert space for a two-level system. The last
section is devoted to finding the distance between two nearby quantum states especially for
Landau-Zener two level system. [1]

2. Master Equation for the Quantum Amplitude in Two Level Systems
In this section, we consider a two levels quantum system. The idea is to find the interaction
potential from the given quantum amplitude forms. This will be a type of reconstruction
differential equations. Let us start our study with a time evolution equation for amplitude,
gives as a,,(t) and satisfies the following coupled first order system of scheme.

da .
inEm _ Z 4 (O (D)€ @128

dt 1
% (1)

We represent the potential as a simple matrix with time dependent element:
V11 V12

Vink = [Va1 Vaz

for m,k = 1,2.

This potential matrix has elements as functions of time. We supposed that we have two
levels so the summation index is running from k=1 up to 2:
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ih () _ a; (Vi1 (t) + ay(t)el“12tV,(t)
It 1 11 2 12 ' (2)

ih 2(0) _ a; (t)e 192tV (t) + ay(t)Vaa (1)
dt 1 21 2 22 . (‘3)

We assume that w1, = —wy = w, V51 (t) = Vo, (t) = V(t) € R as a real function and
Vi2(t) = W(t),V,1(t) = W(t) where "bar" indicates complex conjugate.

We reduce the pair of equations presented as above to the single second-order differential
equations for amplitude, called Master equation:

) , . w'(t) . ) ) ,
al' (t) — a; () (—iw + 2V (t) + T (t)) —a; () ([wV () + W2(t) = VE(t) + V'(b)
_vew'o, _ 0
W (t) ' (4)

where W(t) is considered as a complex potential as a result, we suppose that
WE)=W =W, +iW,and V(t) = V.

The aim is to find (W, W,, V) when we have data about a, (t). Note that we can also find
a similar equation for a,(t), but in this work we focus only on the first equation for a, (t).

3. Reconstruction Technique to Find the Potentials from Different Amplitude
Models

In this section, we will reconstruct the potentials for different examples of amplitude. In labs
we can find the data about the density of state (electron density) which is proportional to
| |?. For two level systems, [y|? is proportional to amplitude }; |a;(t)|?, it means when
we measure the amplitude of transition (low density or high density) we are provided by the
orbital forms as a question of how to describe the potential interaction when type of
interaction or potentials are unknown. This is our main motivation to find V(t) and W(t) from
master equation (4).

3.1 Harmonic Oscillator Amplitude
We start the reconstruction techniques with a simple harmonic oscillator quantum amplitude,

the system can describe time oscillations of an electron in a uniform magnetic field B =Bk
in "Z" representation of pauli’s matrices. The general form of second order ordinary
differential equation (ODE) of simple harmonic oscillator is given by:

a’(t) +a(t) =0. (5)

By comparing equation (5) with equation (4), we get the following equations:
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WiW, + W3W,

2V + 0,
W (6)
w|W|? = WiW; — WiW,, ()
wiw, + W W.
<—1 2 2>—|W|2+V2—V’ =1
W 8
By dividing equation (7) by W3, we obtain:
14 Wi\ d (Wz)
C\Twg) T\ )
by integrating the above equation, we obtain the relation between W, and W, as:
W, = Wjtan(wt). 9
Equation (9) helps us to rewrite the potential
— W it
cos(wt)
where W, can be a function of time. By plugging (6) and (9) in to the equation (8) we
obtain:
VE+WE+WH+V' = -1, (10)
substitute (6) and (9) in (10), we get:
wy' = ! (4sec?(wt)W7? — 3w?sec? (wt)WE +
1 4W1 (t) 1 1
4cos(Rwt)sec? (wt)WE — w?cos(2wt)sec? (wt) W2 + 8sec? (wt) Wit
+ 4wtan(wt) Wy W, + 6W/?). (11)

The equation (11) is a non-linear second order ODE. The general solution cannot be found
easily. Instead of that, we can solve it by the iteration method. To do that, first we find the
zeroth order approximated solution by omitting all terms O(W;?) and then we replace that

solution in the non-linear terms and we find Wl(l). After passing all these steps, we obtain:

1 t1 1
W, = e#A 2B ¢ 4 oBAC) 4 tf Z e (2498 iy gp
08 (12)

where:
4= ttane)| o452 [py_ A AT OICSCROY o o) + 12tan(wt
=3 an(wt) 2 > Py sec?(wt) an(wt) |,

2
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24 — Py + 2 + 9sec? (wt)tan(wt).

B J 4 (=4 + w)cos(2wt)
—ap+25" AB [ \3cne2 AB 2
H = (16e 2 (€1 + e Cy)°sec”(wt) — 2(C; +e?"Cy)(—4 + 3w +
(—4 + w?)cos(Rwt))sec?(wt) +
3(C,(B(A" —9B') + AB") — e“BC,(BA' + (A + 9B)B"))? ,
T, + e, + 4wtan(wt)(—C;(B(A

—9B") + AB") + e4BC,(BA’ + (A + 9B)B")).

We can use the same approximation technique to find V(t).

For that we use W, = VVl(O) + VVl(l) and W12 = (M/l(o) + VVl(l))Z = (Vl/l(O))Z + (VVl(l))Z +
2(]/1/1(0))(“/1(2)) << 1, we substitute (9) in (10)
V2 (Wisec(wt) + V' = 1,

At zero approximation when the second term is omitted, we have:
yO2 4y = 1

The exact solution for this ODE is:
V©® = —tan(wt) + C;.

For the first approximation, we get:
VW = —t + tan(wt) — C; + C,.

The total potential is obtained as:
V=vO®4+yv® =—t+,. (13)

The potential grows as time increases. The

1% (t) (e8] W1 e iwt
cos(wt)

Vij = W1

cos(wt) ¢ ©

this matrix is Hermitian, finally the matrix for order "n" appears as radial solution for
Laplace equation, etc.
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W(t)

R E—

Figure 1: W(t) and V() versus t, V(t) extremely linearly decreases and W(t) exponentially increases.

3.2 Bessel’s Quantum Amplitude

69

Secondly, we apply the above method to Bessel’s quantum amplitude, such amplitudes
appear in cylindrical quantum cavities. The general ODE form for Bessel’s equation is:

n I 1 nz
a'(t)y+a (t)? +a(t)(1 - t_z) = 0.

By comparing equation (14) with equation (4), we get the following equations:

WiW, + Waw,  —1

2V + ,
W t
w|W|? = WiW; — WiW,,
WiW, + W, W, n?
——— = )W+ V2=V =(1-—).
We calculate the potential W using the previous section assumption as follows:
— Wi it
cos(wt)
and by using this assumption, we have:
WZ
WP =W +Wp=—1"—,
W 1 Z 7 cos2(wt)

for the sake of simplicity, we take |W|? = A% , then we obtain the W; as:
W, = Acos(wt).
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By substituting equation (15) in equation (17) we obtain:
V’+V2+1V n2+A2+1—0
t t2 e (19)

This is Riccati equation and can be integrated analytically, we obtain:
, ~((~ g VT = A2 (Vg (~V—T — A20) = Ypyy (—V—1 — A20))
—Y, (—iV—1— A%t) — J,(—iV—1 — 428)C,
AT = A2 (Jy (~IV"T = A26) = Jp (~V =T — 220)))
—Y, (—iN=1 = A%t) — J,,(—iV—1 — A%b)C, ' (20)

iy

1s)

Figure 2: 'V for Bessel’s is negative, it increases until it reaches approximately -5 and it remains constant for a
period of time, after that it decreases.

3.3 Hermit Quantum Amplitude
The third example is Hermit quantum amplitude. It can be appeared as a solution to the
harmonic oscillator in quantum mechanics, the general ODE form for Hermit equation is:

a’(t) —a'(t)2t+a(t)2n = 0. (21)

We can find a set of differential equations just by following the same methodology:
WiW, + W W,

2V + 2t,
w2 (22)
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(M) —|W2+V2-V'=2n

W (24)
We obtain a Riccati equation by substituting equation (22) in equation (24) as:
V' +V2 -2tV +2n+ A% =0. (25)

We get the potential V by solving the equation (25) as:

1 3
~(QA+2ZMCH_ 1,150 (O + (-24 = 2D F[1+ 7 (~24 = 2m); 33 2¢)

V= .
1 1
(_ClH%(2A+2n) (t)_lFl (Z (_ZA - ZTL), 2 Zt)) (26)

3.4 Laguerre Quantum Amplitude
The fourth example is Laguerre quantum amplitude which appears in Hydrogen atomic
spectrum. The general ODE form for Laguerre function is:

1 n
a(t) — a’(t)(? -1+ a(t)? =0. 27)

By comparing equation (27) with equation (4), we get:

2V+W1’W1+W2’W2_ 1 1
w47 (29)
w|W|? = W, Wy — WiW,, (29)
Wiw, + W, W. n
<;222 —|W)2+V2-V'=—
W t (30)
We obtain a Riccati equation by substituting equation (28) in equation (30) as:
V' +vi-(1 1)V+n+A2 =0
t t - (31)
By solving the equation (31), we get the potential V as:
y_Cx(f+g)+h
B k ' (32)
where,
1 1 £—11/1—4A2t 1 —V 1 - 4‘A2 + Zn
=(z—=y1—44%)e272 U(—- , 1,4/ 1 — 4A%1),
=63 ( 2v1 — 442
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1 t 15z 1—-V1—44Z +2n
4%t 11— 442 4+ 2n)UQ —

=—72 121 1_4A2t1
g 21e . 2V1 — 442 )
t loaxz
h= (E 2V 1-442)ez 27 tLl—\/1—4»A2+2n(V 1-44%t)
P 1 2V1-4A2
—V1—aazez 2L (V11— 447,
T Ve
_ t_ 1 aaaz: 1—+vV1—44%2+2n >
k= (—e22 CLU(- 1,41 — 442t
. 2V1 — 442
t Yaaaz
—eZ 2L g (V1 - 44%0)),
2V1—4A2

3.5 Modified Bessel’s Amplitude
The last example is Modified Bessel’s amplitude. The general ODE form for Modified
Bessel’s equation is:

1 n?
a’(t) + @' (D) (?) —a(® (1 + t—z) = 0.

(33)
We obtain the following equation by comparing equation (33) with equation (4):
wiw, + W W. 1
o L 22 (_ _)’
w12 t (34)
w|W|? = Wy W5 — W Wy, (35)
WiW, + Wy W, n?
VI—/————— |- WP2+V2-V' =—(1+—=)
( WP W 2 (36)
By substituting equation (34) in equation (36), we obtain a Riccati equation as:
vty l g
By solving the equation (37), we get the potential V as:
. —%ix/l — A2V (—iV—=1 — A2%t) — Y11 (—iV—1 — A%1))
—Y, (—iV—1 — A%t) — J,(—iV—1 — A%2t)(,
_Tli\m — A2(Jp_1 (—iN=1 = A2t) — Y, .1 (—iV—1 = A21))(,
—Y, (—iV—=1 — A%t) — ], (—iV—1 — A%t)C, ' (38)
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4. Distance Between Two Nearby Quantum States in Hilbert Space for Two Level
System

In section 3, we used the amplitude to calculate the potential but, in this section, we will use
the amplitude to obtain the distance between two nearby quantum states for two level system.
This work is a non-relativistic version of the work done by Takayanagi in CFT [15]. If we
have a perturbation parameter A (for example a very small external magnetic field), the ¢
will be function of A1 up to any order. All those 1 (A) are living at the Hilbert space and over
time we have a little change in parameter, this change inthe A leads to the quantum transition
transition from ¥ (1) to Y(1 + 61). Here we want to measure the distance between (1)
and ¥ (4 + 1) and how close they are to each other.

The higher correction formula of perturbation theory for time dependent potential is:
an,(t) = aﬁ,?) + Aaﬁ,? + Aza,(,f)+...,
at m=1, a,(t) = 6ip + A2 + 224D+, (39)
at m=2, ay(t) =6y, +1as” +22aP+.., (40)

We assume that at t=0, the system at n=1 therefore prepared 6;, = 1 and §,,, = 0. The
wavefunction of the ground state for two level system is:

(D) = (A +BDOL + A0S, (42)
where
—iEqt —iE it [t ] ,
A=e h ,B=e¢ & f Vi, (t)e @1zt d¢’
0
and

—iE,t (t _ ,
C =e h f V21(t’)e_lw21t dt,
0

We define an auxiliary function
t

f12(t, w132) =J. V12(t')e_iw12t’dt’
0

and
t

f21(t, w21) =_[ V21(t')€_iw21t’dt’.
0

Distance between two nearby quantum states in Hilbert space can be obtained by the inner
product quantity as follows:

<Py DY (A + 62) S=< P, D)1 (A) > +61 < (DB + Cp® >
= |A|? + 22|B|? + (A"B + AB*) + 22|C|? + SA(BA" + 22|B| + 1|C|?). (42)

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES VoL.9,2018
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Time Dependent Perturbation Theory ... 74

The result of inner product will contain real part and imaginary part as:
<Y D)|Y1(A+ 61) >= Re + ilm,

where,
Re = 1+/12|f12|2_2/1f152(t,a)12)+/12|f21(t,w21)|2+6/1 /12|f12|2_I_/1|f21(’30)21)|2 ’
h? h h? h? h?
t,w
Im = 81 <_f12( . 12)>.

By squaring both sides in (42) and dividing it by a?,we obtain the final expression as:

5 2 (/12|f12|2 n /1|f21(t,w21)|2>

| <Y1 D[P (A +64) > |7 _ 1+ 72 72

a? 1+ A2 fi2l* 2415 (t, wi7) n A2\ fr1(t, wo1)|?
h? h h2

oA +

(2/13|f12|2|f21(t'w21)| /14;|L]C12|4 + 22| fo1(t, w)|* n |f12(t, (;)12)|2>
h h
52,
14+ 2fi2]?  24f15(t wi3) N A% fo1(t, W)
h2 h h2

where,

2
(1_|_)L2|f1z|2 Zlffz(t'wu)+12|fz1(t,wz1)|2+6l<12|f12|2+1|f21(t'w21)|2>)

hz h h2 h2 h2

a?.

The distance between the 11 (1) and ¥, (4 + 64) is:
| <Y1 D[P1(A+64) > | _
a
A2 2 2 t, wy1)]?
2( Ifgzl + |f21(sz 21)| )
\fial? 2455 w12) | A2 fou(t, wa1)[?

(2/13|f12|2|f21(t' W21)] /14lf12|4 + 22| f51(t, wa1)|* n |f12(t:‘;12)|2)
h h
62
14+ fia]? 245t w1p) n 2| f21(t, wq)|?
h? n h2

1+ 64

+

\ (43)

Using Taylor’s series expansion, we obtain:
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2

<Y DA+ 821) > 1 b 1
| <1 (D[P ( ) l=1+Ea6/1+[§—%]5/12+---=1+§a5/1+XF5/12;

a

we define the fidelity susceptibility y- as a coefficient to the (642) term:

223112121 fo1 (6 w2 )| A fial* + 221 for (b waDI* | If12(t w12)|?
& TR

R2lfil2 2Af5(t w12) | 2o (t, @02\
2
(Az|f12|2+A|f21(t,a)21)|2)
h2 h2

2 (1 + 22| fi2|? _ 22115 (t, w12) + /12|f21(t’2w21)|2)2.

XF =

h2 h h (44)
5. Distance Between Two Nearby Quantum States in Hilbert Space for Landau-

Zener Two Level Model
Landau-Zener is a transition between two energy levels with time-dependent Hamiltonian, it
happens when the system exposed to periodic frequency with large amplitude (parameter F)
gives yg in equation (44). Those transitions cause a phase difference §F which leads to
constructive or destructive interference. Our work in this section is to obtain the phase
difference for Landau-Zener model by measuring the distance between y(F) and Y (F +
6F) and how close they are to each other.
The wavefunction of the ground state for two level system is:

2

0 0 0
Yy = z akolP,E ) = aoolp(() ) + a10¢1( ),

=1 (45)

For the coefficients, we have:
for level m, ihd(;L;n = F,,el@mn-o)tg — | elatg (46)
for level n, ih% = Fpne“tan, (47)

where e'€ta, = b,,.

We substitute equation (45) in (46), we obtain the ordinary differential equation as:
d’b, . dby _ |Ennl®
az g TR =0 (48)
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If we suppose that |F,,,,|> =constant, we can solve equation (47) and find:

2 2 2 2
i<§+ | P >t i(%— |+ Fingl >t
b,=b,e +b_e ,
2 2 2 2
i<§+ &Pl )t i(%— -+l )t et
b, e +b_e e et

an, =
(49)
Substituting ayo = ay and a;g = a, in (44), we obtain:
124 .€ L€ i €
Yo = —lﬁe_l?tsin(ﬂt) (()0) + (e'Z'cos(t)) — Ee_litsin(ﬂt))lpio).
hQ 20 (50)
where
The distance between the /(F) and @ (F + 8F) is:
<Yo(F)[Po(F + 6F) > " 4Hsin(et) . G?cos?(et) + H?sin?(et) SF?
<po(Po(F) > 1 -m (1 - M) 51

where,

2 2 >
—8€F3tcos< €2+4hizt>+2€F €? +4hizhzsin< €2 +4hi2t)

H= '
(4F2 + EZhZ)Z
2 2 2

—8eF3t — 2e3Fh%t + 263Fh2tcos< €2+ %t) + 2¢F |€* + %hzsin (\IGZ + 4hLZt)

G = ’
(4F% + €2h?)?
2

esin(et)sin< /62 + %t)

M= - :
€? +4hizt

We continue our manipulations:

< Yo(F)|[Yo(F +6F) >
< Yo(F)|Po(F) >

3 2Hsin(et) G?cos?(et) + H?sin?(et) 2H?sin?(et) SF24
h (1-M) 2(1 — M)?2 (1— M)? ]
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Finally, we suggest the fidelity susceptibility yy as:
_ GZ%cos?(et) + H?sin?(et)  2H?sin?(et)

ol 2(1— M)? (1— M2 (52)

6. Conclusion

In this work, we studied time dependent perturbation theory in two level quantum system and
its applications. The single ODE of quantum amplitude of two-level system was derived and
based on that, we reconstruct potential function V(t) and W(t) from a given guantum
amplitude. Moreover, we found the distance between two nearby quantum states in Hilbert
space and the distance for Landau-Zener effect as a two-level system.
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8. Appendix
This appendix includes the potentials W for all models examples in section 3.
The potential W for Bessel’s equation is obtained as:

W=VD+E+F+G (53)

where:
D= _1+rtl_22+(i\/_1_A2t)_(yn—1(_i\/_1_A2t)_yn+1(_i\/_1_A2t)+(]n—1(_i\/_1_A2t)_fn+1(_i\/_1_A2t)cl))

2t (Y (—iv —1-A2t))

_ Ya(CiV=1-426)C1) = (=1=4%) (Y1 (=iV =1=A%0)—Vn4 4 (- IV =1=A2 D+ (Un—1 (W =1=A2 D)~ Jn 41 (- =1-4))C1)?)

E
4(Yp (=i —1=A20)+ Jp (i —1-A28)C;)2

(i ~1=A2 (V-1 (iV = 1= A26) Y 41 (1Y = 1= A2)E) + U1 (— iV = 1= AD) D)~ Jpr 1 (-~ 1-A2D))C1)

P (Griv—1-42) (Y1 (-iV-1-42)1)
B @ (—iV-1-AD) D) +Jn (- -1-A2)t)C1))?)

Yng1((—iv/=1=42)£))=1/2(=iv/=1=A2) Un_1 (=iV=1-A2))t) [~ 1+n,(-i/-1-42)t]

QU ((—iV=1=A2))+]n (- -1-42))C1))?)
Y1 (—iV=1-42)1)=1/2(-iv = 1=41) Un-1 (=i =1-A2) ) Jn41 (i = 1-4D)D)) C1)))
@ (- =1=A2) D) +]n (- -1-A2)t)C1))?)
_((W-1-A2) G -1-42) (Vo (- iV -1-A2)0) -V (- - 1-42)1)) +
2 (— (W =1=A2) ) +Jn (- (i -1-A2)t)C1)))
F 1= (V=122 )Yy (i = 1-A2) D)+ (G IV =1-2D) Un—o (Y -1-4D)0)

@ (~(iV —1-A2) )+ Jn (- (i —1-A2)£)C1)))

G
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Jn(=(=i¥ —1—A2)f))+%((—i\/ —1-A2)(Jn((—iV =1-A2)) = Jn42((—iV —1-A%)1)))C1)))
@ (~(iV-1-42) )+ (- (iV —1-43)1)C1)))

The potential W for Hermit equation is obtained as:
w=A (54)

The potential W for Laguerre equation is obtained as:

2 _
—1+3VI -4 —2n T

—(A2(3(—4+t— V1 —4A%t + 2nt), F,
( (( )1 1( m

|
|
|
\

W= +
(z2(cuEt 3\/7“42 — 205 T 44%t) + Ly, 1, w (JT-2AD)t
1-44 2 \/1 442 \[1-442
| —1+3V1—44% — 2n
| (1 + 3VT = 442 + 2n)t,Fy( zm 4,31 = 447)
\J|(12(61U( 1+3\/_“42_2" BVT=42%) + Ly o (VT4
1-44 2 Ji- 4A2 \/1 4A2
—1+ 3vV1—44% —2n
12(C,U( m  3;VT = 4421))
azc,u 3\/_”42 — 2N 3 T = 4A%t) + Ly 1, e (T- A%
1-44 V1-4A42 1-442
(55)

The potential W for Modified Bessel’s equation is obtained as:

_ —((8n — 4A262)Y,_,(—iV—1 — A%t)
42 (Y, (—iV=1 = A%t) + J (—iV=1 — 4%¢)C,)

—8i(2(—1 + n)n + (1 — A2n)t2)Y,_, (—iV—1— A%t2) — 41 — A%t(—2n + A2t2)],_,(—iV-1 - AZt)C,
V1 — A%t

¥ 4t2(Y, (—iv—1 = A4%¢t) + J,(—iV—1 — 4%t) ()
—8i(2(—=1+ n)n + (1 — A2n)t?)],_,(—ivV—1 — A2t2)C,;
V1— A%t
4t2(Y, (—iv—1 — A%t) + Jo_1 (—iV—1 — A21)C))
(56)
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